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Abstract. Module is effective representation of ring in Abelian group. Linear 
map of module over commutative ring is morphism of corresponding represen¬ 
tation. This definition is the main subject of the book. 

To consider this definition from more general point of view I started the 
book from consideration of Cartesian product of representations. Polymor¬ 
phism of representations is a map of Cartesian product of representations 
which is a morphism of representations with respect to each separate inde¬ 
pendent variable. Reduced morphism of representations allows us to simplify 
the study of morphisms of representations. However a representation has to 
satisfy specific requirements for existence of reduced polymomorphism of rep¬ 
resentations. It is possible that Abelian group is only $l-algebra, such that 
representation in this algebra admits polymorphism of representations. How¬ 
ever, today, this statement has not been proved. 

Multiplicative Q-group is H-algebra in which product is defined. The 
definition of tensor product of representations of Abelian multiplicative re¬ 
group is based on properties of reduced polymorphism of representations of 
Abelian multiplicative fi-group. 

Since algebra is a module in which the product is defined, then we can 
use this theory to study linear map of algebra. For instance, we can study the 
set of linear transformations of Z)-algebra A as representation of algebra A(g) A 
in algebra A. 
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CHAPTER 1 


Preface 


1.1. Preface to Version 1 

There exist few equivalent definitions of module. For me, the definition of 
module as effective representation of commutative ring in Abelian group is the most 
interesting definition. This definition allows us to consider linear algebra from more 
general point of view and to understand which construction can be properly defined 
in other algebraic theories. For instance, we may consider a linear map as morphism 
of representation, i.e. a map which preserves the structure of the representation. 

The module in which the product is defined is called algebra. Depending on 
the problem to be solved, we consider different algebraic structures on algebra. 
Accordingly, the map, which preserves the structure of algebra, changes. 

If we do not consider the representation of ring D in D-algebra A, then the 
algebra A is a ring. A map, preserving the structure of algebra as a ring, is called 
homomorphism of algebra. If we do not consider the product D-algebra A, then 
we consider Z?-algebra as module. A map, preserving the structure of algebra as 
module, is called a linear map of the D-algebra. Linear map is important tool to 
study calculus. A map, preserving the structure of representation, is called a linear 
homomorphism. In the section 5.3, I proved the existence of a nontrivial linear 
homomorphism. 

February, 2015 


1.2. Preface to Version 2 

The main idea of this book is an attempt to apply to the representation of 
Di-algebra (which is called Di-algebra of transformations of D 2 -algebra or just Di- 
algebra of transformations) some of concepts with which we are familiar in linear 
algebra. Since linear map is reduced morphism of module when we consider module 
as representation of ring in Abelian group, then the definition of polymorphism of 
representations is natural generalization of polylinear map. 

Studying the linear map over non commutative division ring D, we conclude 
that in the equation 

f{ax) = af{x) 

a cannot be any element of the ring D, but should belong to the center of the ring 
D. This statement makes theory of linear maps interesting and rich theory. 

So, like in case of polylinear map, we request that transformation which Di- 
algebra generates in one factor, can be transferred to any other factor. In general, 
this requirement is not restrictive; but compliance with this requirement allows 
consideration of Di-algebra of transformations as Abelian multiplicative Di-group. 
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1. Preface 


Tensor product of vector spaces is associative. Consideration of associativity of 
tensor product of representation generates new constraint on polymorphism of rep¬ 
resentations. Any two operations of i72-algebra must satisfy the equation (3.1.19). 
It is possible that Abelian group is only r22-a-lgebra, such that representation in this 
algebra admits polymorphism of representations. However, today, this statement 
has not been proved. 

If we believe in a statement which we cannot prove or disprove, then discovery of 
opposite statement may lead us to interesting discoveries. For thousands of years 
mathematicians tried to prove Euclid’s fifth postulate. Lobachevsky and Bolyai 
proved that there exists geometry which does not hold this postulate. Mathemati¬ 
cians tried to find solution of algebraic equation using radicals. However Galois 
proved this is imposible to do when the power of equation is greater than 4. 

For long time, I believed that existence of reduced morphism of representation 
imply existence of reduced polymorphism of representation. The theorem 3.1.13 
was a surprise to me. 

I believe that text about polymorphism and tensor product of representations 
is important. 

• After writing of few papers dedicated to calculus over Banach algebra, I 
believed that one day I will be able to write similar paper about calculus 
in a representation. I was confused by the need to refuse addition as es¬ 
timate how small is distance between maps. Of course, I may state that 
morphism of representation is in neighborhood of a considered map. How¬ 
ever addition is an essential component of the construction. Absence of 
reduced polymorphism deprive me of the opportunity to define derivatives 
of second order. 

• We can consider linear and polylinear maps of effective representation 
in Abelian H 2 -group like we consider linear and polylinear maps of D- 
algebra. The structure of linear map of effective representation in Abelian 
H 2 -group is more complicated than the structure of linear map of D- 
algebra. However this problem is interesting for me and I hope to return 
to this problem in the future. 


May, 2015 


1.3. Conventions 


Convention 1.3.1. We will use Einstein summation convention in which re¬ 
peated index (one above and one below) implies summation with respect to repeated 
index. In this case we assume that we know the set of summation index and do not 
use summation symbol 



□ 


Convention 1.3.2. I assume sum over index i in expression like 




□ 


Convention 1.3.3. Let A be free algebra with finite or countable basis. Con¬ 
sidering expansion of element of algebra A relative basis e we use the same root 


1.3. Conventions 
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letter to denote this element and its coordinates. In expression a^, it is not clear 
whether this is component of expansion of element a relative basis, or this is oper¬ 
ation a? = aa. To make text clearer we use separate color for index of element of 
algebra. For instance, 

a = alci 

□ 

Convention 1.3.4. If free finite dimensional algebra has unit, then we identify 
the vector of basis eo with unit of algebra. □ 



CHAPTER 2 


Product of Representations 


2.1. Cartesian Product of Universal Algebras 

Definition 2.1.1. Let A be a category. Let {Bi,i G 1} be the set of objects of 
A. Object 

P = J{B, 

iGl 

and set of morphisms 

{ fi- P -^ B, ,i&I} 

is called a product of objects {BiA G /} in category A^'^ if for any object R 
and set of morphisms 

{ 5i : R - ^ Bi G /} 

there exists a unique morphism 

h :R - 

such that diagram 

P —^ fioh = gi 

h 

R 

is commutative for all i G I . 

If |/| = n, then we also will use notation 

n 

P = Y[Bi = Bi ^ Bn 

i=l 

for product of objects {Bi, i G 1} in A. □ 

Example 2.1.2. Lets be the category of sets.According to the definition 
2.1.1, Cartesian product 

A = l[A, 

tel 

of family of sets {Ai,i G I) and family of projections on the i-th factor 

Pi ■ A ^ Ai 

are product in the category S. □ 

made definition according to [1], page 58. 

^■^See also the example in [1], page 59. 
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2. Product of Representations 


Theorem 2.1.3. The product exists in the category A of Q-algebras. Let Q- 
algebra A and family of morphisms 

Pi A —y Ai t ^ I 
be product in the category A. Then 

2.1.3.1: The set A is Cartesian product of family of sets {Ai,i S I) 

2.1.3.2: The homomorphism of Tl-algebra 

Pi : A —y Ai 

is projection on i-th factor. 

2.1.3.3: We can represent any A-number a as tuple {pi{a),i £ I) of At-numbers. 

2.1.3.4: Let oj G n be n-ary operation. Then operation oj is defined componentwise 

(2.1.1) ai...anUJ = {au...aniUJ,i G /) 

where ai = {auA G /), ..., a„ = G I) . 

Proof. Let 

A = X{A, 

iei 

be Cartesian product of family of sets (A^, i G L) and, for each i G L, the map 

Pi : A —y Ai 

be projection on the i-th factor. Consider the diagram of morphisms in category of 
sets S 

(2.1.2) A—piOuj = gi 

U) 

An 

where the map gi is defined by the equation 

gi(ai,..., On) = pi{ai)...pi{an)io 

According to the definition 2.1.1, the map ui is defined uniquely from the set of 
diagrams (2.1.2) 

(2.1.3) ai...a„w = (pi(ai)...pi(a„)w,* G I) 

The equation (2.1.1) follows from the equation (2.1.3). □ 

Definition 2.1.4. If Lt-algebra A and family of morphisms 

Pi : A — y Ai i G I 

is product in the category A, then Ll-algebra A is called direct or Cartesian prod¬ 
uct of fl-algebras {Ai,i G I) . □ 

Theorem 2.1.5. Let set A be Cartesian product of sets (Ai,i G I) and set B 
be Cartesian product of sets {Bi,i G I) . For each i G I, let 

fi : Ai ^ Bi 





2.1. Cartesian Product of Universal Algebras 
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be the map from the set Ai into the set Bi. For each i & I, consider commutative 
diagram 

(2.1.4) 

f fi 

A - ^Ai 

where maps pi, p'^ are projection on the i-th factor. The set of commutative 
diagrams (2.1.4) uniquely defines map 

f '■ A\ ^ Ai 

f{ai,i G I) = {fi{ai),i G I) 


Proof. For each i G I, consider commutative diagram 

/ 

(2.1.5) B - - - ^Bi 



Let a G A. According to the statement 2.1.3.3, we can represent A-number a as 
tuple of Ai-numbers 


(2.1.6) a={ai,iGl) = pi{a) G A^ 

Let 

(2.1.7) b = f{a)GB 

According to the statement 2.1.3.3, we can represent i?-number b as tuple of Bi- 
numbers 

(2-1.8) b={h,iGl) b,=pr{b)GB, 

From commutativity of diagram (1) and from equations (2.1.7), (2.1.8), it follows 
that 

(2.1.9) h=g,ib) 

From commutativity of diagram (2) and from the equation (2.1.6), it follows that 


Theorem 2.1.6. Let Tl-algebra A be Cartesian product ofGl-algebras {Ai,i G I) 
and Gl-algebra B be Cartesian product of Gl-algebras {Bi,i G I) . For each i G I, 
let the map 

fi ■ Ai ^ Bi 

be homomorphism of Gl-algebra. Then the map 


f-.A^B 
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2. Product of Representations 


defined by the equation 

(2.1.10) f{ai, iG I) = {fi{ai),i € I) 

is homomorphism of fl-algebra. 


Proof. Let lo G fl be n-ary operation. Let oi = {au^i G I), ..., = 

{ani,i G I) , bi = {bii,i G /), ..., bn = {bni,i G I) . From equations (2.1.1), 
(2.1.10), it follows that 


f{ai...anUj) = f{aii...amUj,i G I) 

= {fi{aii...aniU!),i G I) 

= {{fi{aii))...{fi{ani)),i G I) 

= {bii...bmUJ,i G I) 

f{ai)...f{a„)oj = bi...bnUj = {bu...bmOJ,i G I) 


□ 


2.2. Cartesian Product of Representations 
Lemma 2.2.1. Let 

A = l[A, 

be Cartesian product of family of LI 2 -algebras {Ai,i G I) . For each i G I, let the 
set *Ai be Cl 2 -algebra. Then the set 

(2.2.1) °A = {fG*A: f{a,, i G I) = (/,(a,), z S /)} 

is Cartesian product of CI 2 -algebras *Ai. 

Proof. According to the definition (2.2.1), we can represent a map f G ° A 
as tuple 

/ = (/*,*€/) 

of maps fi G *Ai. According to the definition (2.2.1), 

{f^A G I){aiA G /) = {fi{ai),i G I) 

Let uj G TI 2 be n-ary operation. We define operation w on the set °A using 
equation 

{{fliC G I)..ffniji G I^Uj)(^ai^ i G I) = {{flii^i')f--{fni{^i))^-ji G /) 

□ 

Definition 2.2.2. Let Ai be category of Cli-algebras. Let A 2 be category of CI 2 - 
algebrasz. We define category {Ai*)A 2 of left-side representations. Left-side 
representations of Lli-algebra in Ll 2 -algebra are objects of this category. Morphisms 
of corresponding representations are morphisms of this category. □ 

Theorem 2.2.3. In category {Ai*)A 2 there exists product of single transitive 
left-side representations of LIi-algebra in Ll 2 -algebra. 


2.2. Cartesian Product of Representations 
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Proof. For j = 1, 2, let 

i&I 

be product of family of Oj-algebras {Bji,i € 1} and for any i € I the map 

■ Pj ^ Pji 

be projection onto factor i. For each i € /, let 

^2 ■ Bli * ^ B2i 

be single transitive i?ii=(=-representation in f 22 -algebra B 2 i. 

Let bi € Pi- According to the statement 2.1.3.3, we can represent Pi-number 
bi as tuple of i?ii-numbers 

( 2 - 2 . 2 ) b, = {bu,i€l) bu = tu{bi)€Bu 

Let 62 G P 2 - According to the statement 2.1.3.3, we can represent P 2 -nuniber 62 as 
tuple of i 32 i-numbers 

(2-2.3) 62 = {b2i,'i G I) b2i = ^ 22 (^ 2 ) S i ?22 

Lemma 2.2.4. For each i £ I , consider diagram of maps 
(2.2.4) P 2 -^ B 22 



Let map 

g-.Pi^ *P2 

he defined by the equation 

(2.2.5) g{bi) ob 2 = {hfibu) o 63 *, i £ I) 

Then the map g is single transitive Pi*-representation in n 2 -algebra P 2 

g : Pi P2 

The map {tiifi 2 i) is morphism of representation g into representation hi. 
Proof. 

2.2.4.1: According to definitions [4J-2.1.1, [4J-2.1.2, the map hfibu) is homomor¬ 
phism of n 2 -algebra B 2 i. According to the theorem 2.1.6, from commu¬ 
tativity of the diagram ( 1 ) for each i G J, it follows that the map 

g{bi) : P 2 -t P 2 

defined by the equation (2.2.5) is homomorphism of n 2 -algebra P 2 - 
2 . 2 .4. 2 : According to the definition [4J-2.1.2, the set *i ?22 is fli-algebra. Ac¬ 
cording to the lemma 2 . 2 . 1 , the set °P 2 C *P 2 is fli-algebra. 
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2. Product of Representations 


2.2.4.3: According to the definition [4J-2.1.2, the map 

hi ■ Bii —>■ *B 2 i 

is homomorphism of fii-algebra. According to the theorem 2.1.6, the 
map 

g:Pi^ *P2 

defined by the equation 

g(bi) = € I) 

is homomorphism of fli-algebra. 

According to statements 2.2.4.1, 2.2.4.3 and to the definition [4J-2.1.2, the 
map g is Pi*-representation in r 22 -algebra P 2 - 

Let 621, ^22 S P2- According to the statement 2.1.3.3, we can represent P2- 
numbers &21, ^22 as tuples of il2i-numbers 

2 ^21 = (& 21 i,* G I) b21i = t2i{b2l) G B2i 

b22 = (b22i,i G I) b22i = ^21(^22) G B2i 

According to the theorem [4J-2.1.9, since the representation hi is single transitive, 
then there exists unique Pii-number bu such that 

&22i = hi{bii) O b21i 

According to definitions (2.2.2), (2.2.5), (2.2.6), there exists unique Pi-number 6 i 
such that 

b22 = g(bi) o 621 

According to the theorems [4J-2.1.9, the representation g is single transitive. 

From commutativity of diagram (1) and from the definition [4J-2.2.2, it follows 
that map (tii,t 2 i) is morphism of representation 5 into representation/i^. © 

Let 

(2.2.7) d2 = g{bi) o 62 ^2 = (,d2i,i G I) 

From equations (2.2.5), (2.2.7), it follows that 

(2.2.8) c? 2 i = hiibii) o b 2 i 

For j = 1, 2, let Rj be other object of category Aj. For any i G I, let the 
map 

Tii . Ri Bii 

be morphism from lli-algebra Pi into lli-algebra Bn. According to the definition 
2 . 1 . 1 , there exists a unique morphism of fli-algebra 

Si : Pi -^ Pi 

such that following diagram is commutative 

(2.2.9) Pi Bu tu o si= rii 


Pi 



Let oi G Pi. Let 

( 2 . 2 . 10 ) 


bi = si(ai) G Pi 






2.2. Cartesian Product of Representations 
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From commutativity of the diagram (2.2.9) and statements (2.2.10), (2.2.2), it 
follows that 

( 2 . 2 . 11 ) bu = ru{ai) 

Let 

/ : i?i i ?2 

be single transitive i?i*-representation in fl 2 -algebra i? 2 - According to the theorem 
[4J-2.2.10, a morphism of n 2 -algebra 

f2i ■ Rl -^ B2i 

such that map (rii,r 2 i) is morphism of representations from / into hi is unique 
up to choice of image of i? 2 -number 02 . According to the remark [4J-2.2.6, in 
diagram of maps 

( 2 . 2 . 12 ) B2^ 



diagram (2) is commutative. According to the definition 2.1.1, there exists a unique 
morphism of n 2 -algebra 

S 2 '■ R2 -^ P2 

such that following diagram is commutative 

(2.2.13) P 2 - ^ B2i t2iOS2=r2i 



Let 02 G i? 2 - Let 

(2.2.14) 62 = 52 ( 02 ) G P 2 

From commutativity of the diagram (2.2.13) and statements (2.2.14), (2.2.3), it 
follows that 

(2.2.15) b2t = r2t{a2) 

Let 

(2.2.16) 


C2 = /(Ol) O 02 
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2. Product of Representations 


From commutativity of the diagram (2) and equations (2.2.8), (2.2.15), (2.2.16), it 
follows that 

(2.2.17) d2i = r2i{c2) 

From equations (2.2.8), (2.2.17), it follows that 

(2.2.18) d2 = S 2 (C 2 ) 

and this is consistent with commutativity of the diagram (2.2.13). 

For each i € I,we join diagrams of maps (2.2.4), (2.2.9), (2.2.13), (2.2.12) 


P2 - - - 



From equations (2.2.7), (2.2.14) and from equations (2.2.16), (2.2.18), commuta¬ 
tivity of the diagram (3) follows. Therefore, the map (si,S 2 ) is morphism of 
representations from / into 5 . According to the theorem [4J-2.2.10, the morphism 
(si,S 2 ) is defined unambiguously, since we require (2.2.18). 

According to the definition 2.1.1, the representation g and family of morphisms 
of representation {{tii,t 2 i),i & I) is product in the category [Ai*)A 2 ■ □ 

2.3. Reduced Cartesian Product of Representations 

Definition 2.3.1. Let Ai be Qi-algebra. Let A 2 be category of LI 2 -algebras. 
We define category (Ai*)A 2 of left-side representations. Left-side repre¬ 
sentations of Qi-algebra Ai in Ll 2 -algebra are objects of this category. Reduced 
morphisms of corresponding representations are morphisms of this category. □ 

Theorem 2.3.2. In category {Ai*)A 2 there exists product of effective left-side 
representations of Lli-algebra Ai in VL 2 -algebra and the product is effective left-side 
representations of LIi-algebra Ai. 

Proof. Let 

A 2 = A2i 
i&I 

be product of family of fl 2 -algebras {A 2 i,i G /} and for any z G / the map 

A2i 


ti : A2 













2.3. Reduced Cartesian Product of Representations 
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be projection onto factor i. For each i G /, let 

hi '■ Ai —* —9- A2i 

be effective ^i>i=-representation in n 2 -algebra A 2 i. 

Let bi G Ai. Let 62 G A2. According to the statement 2.1.3.3, we can represent 
A 2 -number 62 as tuple of A 2 i-numbers 

(2.3.1) 62 = (&2G* C I) b2i = ti(&2) S A2i 
Lemma 2.3.3. For each i G I, consider diagram of maps 

(2.3.2) A 2 - - - ^A2, 



Let map 

g ■. Ai ^ *A 2 

be defined by the equation 

(2.3.3) g{bi) o 62 = {hi{bi) o 62 *, i G I) 

Then the map g is effective Ai*-representation in VL 2 -algebra A 2 

g : Ai A 2 

The map U is reduced morphism of representation g into representation hi. 
Proof. 

2.3.3.1: According to definitions [4J-2.1.1, [4J-2.1.2, the map hfibi) is homomor¬ 
phism of n 2 -algebra A 2 i. According to the theorem 2.1.6, from commu¬ 
tativity of the diagram (1) for each i G /, it follows that the map 

g{bi) : A 2 ^ A 2 

defined by the equation (2.3.3) is homomorphism of r 22 -algebra A 2 . 

2 .3.3. 2 : According to the definition [4J-2.1.2, the set *A 2 i is fli-algebra. Ac¬ 
cording to the lemma 2.2.1, the set °A 2 C *A 2 is fli-algebra. 

2.3.3.3: According to the definition [4J-2.1.2, the map 

hi : Ai *A2i 

is homomorphism of fli-algebra. According to the theorem 2.1.6, the 
map 

g : Ai *A 2 

defined by the equation 

g(bi) = (hi(bi),i G I) 
is homomorphism of fli-algebra. 






18 


2. Product of Representations 


According to statements 2.3.3.1, 2.3.3.3 and to the definition [4J-2.1.2, the 
map g is Ai*-representation in i 72 -algebra A 2 . 

For any i G I, according to the definition [4J-2.1.6, Ai-number oi generates 
unique transformation 

(2.3.4) & 22 i = hi{bi) o 621 ^ 

Let 621 , &22 € A 2 . According to the statement 2.1.3.3, we can represent A 2 - 
numbers 621 , 622 as tuples of A 2 i-numbers 

^21 = (&21i,* € I) b2U = ti{b2l) G A2i 

(2.3.5) 

622 = (^ 22 i,* s I) b 22 i = ^(^ 22 ) G A 2 i 

According to the definition (2.3.3) of the representation g, from equations (2.3.4), 

(2.3.5) , it follows that Ai-number oi generates unique transformation 

(2.3.6) &22 = {hi{bi) o 62 H, i G I) = g{bi) o &21 

According to the definition [4J-2.1.6, the representation g is effective. 

From commutativity of diagram (1) and from the definition [4J-2.2.2, it follows 
that map U is reduced morphism of representation g into representation hi. 0 
Let 

(2.3.7) d 2 = gibi) o &2 ^2 = (d 2 z, * G I) 

From equations (2.3.3), (2.3.7), it follows that 

(2.3.8) d 2 i = hi{bi) o b 2 i 
Let i ?2 be other object of category A 2 . Let 

/ : Ai —* —^ i?2 

be effective Ai=(=-representation in r 22 -algebra i? 2 - For any i G I, let there exist 
morphism 

ri : i?2-^ A2i 

of representations from / into hi. According to the remark [4]-2.2. 6 , in diagram 
of maps 

(2.3.9) A2^ 




2.3. Reduced Cartesian Product of Representations 
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diagram (2) is commutative. According to the definition 2.1.1, there exists a unique 
morphism of r 22 -algebra 

s : i ?2 -^ -A 2 

such that following diagram is commutative 
(2.3.10) A 2 — A2i tiOs = ri 



Let 02 G i? 2 . Let 

(2.3.11) 62 = 5 ( 02 ) € A 2 

From commutativity of the diagram (2.3.10) and statements (2.3.11), (2.3.1), it 
follows that 

(2.3.12) h2i = ri{a2) 

Let 

(2.3.13) C 2 = /(ai)oa 2 

From commutativity of the diagram (2) and equations (2.3.8), (2.3.12), (2.3.13), it 
follows that 

(2.3.14) d2^ = r,(c 2 ) 

From equations (2.3.8), (2.3.14), it follows that 

(2.3.15) d2=s{c2) 

and this is consistent with commutativity of the diagram (2.3.10). 

For each i G /,we join diagrams of maps (2.3.2), (2.3.10), (2.3.9) 

A 2 -^ A2i 



From equations (2.3.7), (2.3.11) and from equations (2.3.13), (2.3.15), commuta¬ 
tivity of the diagram (3) follows. Therefore, the map s is reduced morphism of 
representations from / into g. According to the remark [4J-2.3.2, the map s is 
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2. Product of Representations 


homomorphism of VI 2 algebra. According to the theorem 2.1.3 and to the definition 
2 .1.1, the reduced morphism s is defined unambiguously. 

According to the definition 2.1.1, the representation g and family of morphisms 
of representation {ti,i € I) is product in the category {Ai*)A 2 ■ □ 


CHAPTER 3 


Tensor Product of Representations 


3.1. Polymorphism of Representations 

Definition 3.1.1. Let Ai, be fli-algebras. Let Bi, Bn, B be fl 2 - 

algebras. Let, for any k, k = 1, n, 

fk ■ Ak —*—^ Bk 

be representation of Lli-algebra Ak in Ll^-algebra Bk- Let 

f : A B 

be representation of Lli-algebra A in Ll 2 -algebra B. The map 

r : Ai X ... X ^ A R : Bi x ... x Bn ^ B 

is called polymorphism of representations fi, ..., fn into representation f, if, 
for any k, k = 1, ..., n,, provided that all variables except variables Ofc G Ak, 
bk € Bk have given value, the map (r, R) is a morphism of representation fk into 
representation f. 

If fi = ... = fn, then we say that the map {r,R) is polymorphism of represen¬ 
tation fi into representation f. 

If fi = ... = fn = f, then we say that the map (r,R) is polymorphism of 
representation f. □ 

Theorem 3.1.2. Let the map (r,R) be polymorphism of representations f\, ..., 
fn into representation f. The map (r, R) satisfies to the equality 

(3.1.1) i?(/i(ai)(TOi), ..., /n(a„)(m„)) = /(r(ai, ..., an))(i?(mi, ..., m„)) 

Let u!i G Qi{p). For any k, k = 1, ..., n,the map r satisfies to the equality 

r[ai,..., ak-i.-.ak.pOJi,..., On) 

[6.L.Z) 

— r(( 2 i,..., ak-i ,...; On')...r(^ai,..., Ok-p, 

Let UJ 2 G Ll 2 {p). For any k, k = 1, ..., n,the map R satisfies to the equality 


R{mi,...,mk.i...mk.pUJ2,...,mn) 

(3.1.3) 

= R{mi, ...,mfc.i, ...,mn)...R{mi, ...,mk.p, ...,m„)w 2 

Proof. The equality (3.1.1) follows from the definition 3.1.1 and the equality 
[4]-(2.2.4). The equality (3.1.2) follows from the statement that for any k, k = 1, 
..., n,provided that all variables except the variable Xk G Ak have given value, the 
map r is homomorphism of Hi-algebra Ak into Hi-algebra A. The equality (3.1.3) 
follows from the statement that for any k, k = 1, ..., n,provided that all variables 
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except the variable ruk £ Bk have given value, the map R is homomorphism of ^ 2 - 
algebra Bk into f22-algebra B. □ 

Definition 3.1.3. Let A, Bi, Bn, B he universal algebras. Let, for any 
k, k = 1, ..., n, 

fk ■ A Bk 

be effeetive representation of VLi-algebra Ak in Ll 2 -algebra Bk- Let 

f : A B 

he effective representation of LIi-algebra A in Ll 2 -algebra B. The map 

T2 ■ Bi X ... X Bn B 

is called reduced polymorphism of representations fi, ..., /„ into represen¬ 
tation f, if, for any k, k = 1, ..., n,provided that all variables except the variable 
Xk £ Bk have given value, the map R is a reduced morphism of representation fk 
into representation f. 

If fI = ... = fn, then we say that the map R is reduced polymorphism of 
representation fi into representation f. 

If fi = ... = fn = f, then we say that the map R is reduced polymorphism of 
representation f. □ 

Theorem 3.1.4. Let the map R be reduced polymorphism of effective represen¬ 
tations fi, ..., fn into effective representation f. For any k, k = 1, ..., n,the map 
R satisfies to the equality 

(3.1.4) ..., /fc(a) o TOfc, ..., mn) = f{a) o R{mi, ...,mn) 

Let UJ 2 £ Ll 2 {p). For any k, k = 1, ..., n,the map R satisfies to the equality 

(3.1.5) 

= R{mi, ...,mn)...R{mi,...,mk.p, ...,m„)w 2 

Proof. The equality (3.1.4) follows from the definition 3.1.3 and the equality 
[4]-(2.3.3). The equality (3.1.5) follows from the statement that for any k, k = 1, 
..., n, provided that all variables except the variable mk £ Bk have given value, the 
map R is homomorphism of r22-algebra Bk into r22-algebra B. □ 

We also say that the map (r, R) is polymorphism of representations in LI 2 - 
algebras Bi, ..., into representation in f22-algebra B. Similarly, we say that the 
map R is reduced polymorphism of representations in r22-algebras Bi, ..., Bn into 
representation in fl 2 -algebra B. 

Comparison of definitions 3.1.1 and 3.1.3 shows that there is a difference be¬ 
tween these two forms of polymorphism. This is particularly evident when com¬ 
paring the difference between equalities (3.1.1) and (3.1.4). If we want to be able 
to express the reduced polymorphism of representations using polymorphism of 
representations, then we must require two conditions: 

(1) The representation / of universal algebra contains the identity transfor¬ 
mation 5. Therefore, there exists e € A such that /(e) = S. Without 
loss of generality, we assume that the choice of e € A does not depend on 
whether we consider the representation /i, ..., or /„. 


3.1. Polymorphism of Representations 


23 


(3.1.9) 


(3.1.10) 


(2) For any fc, /c = 1, ..., n, 

(3.1.6) r(ai, ...,an) = ak at = e i^k 
Then, provided that ai = e, i k, the equality (3.1.1) has form 

(3.1.7) i?(mi,...,/fc(afe) omfc,...,m„) = /(r(e, ..., Ofe,..., e)) o i?(mi,..., m„) 

It is evident that the equality (3.1.7) coincides with the equality (3.1.4). 

A similar problem appears in the analysis of reduced polymorphism of repre¬ 
sentations. Using the equality (3.1.4), we can write an expression 

(3.1.8) R{mi, fk{ak) o mj,, ..., //(a/) om;,...,m„) 
either in the following form 

fkittk) omk,.:,fi{ai) om;,...,m„) 

=/(afe) o R{mi, ...,mfe,..., fi{ai) o mi, ...,m„) 

=/(«fe) o (/(«/) oi?(mi,...,mfc,...,m;,...,m„)) 

=(/(afe) o /(a;)) o R{mi ,..., mfe,..., m;,..., m„) 
or in the following form 

R{mi,...,fk{ak) omk,...,fi{ai) om;,...,m„) 

=f{ai) o R{mi ,..., /fe(afe) orufe, ...,m„) 

=fi.a-i) o (/(ofe) oi?(mi,...,mfc,...,m;,...,m„)) 

={f{0‘i) o /(flfc)) ° 7?(mi, ...,mfe, ...,m„) 

Maps f{ak), f{ai) are homomorphisms of U 2 -algebra B. Therefore, the map 
/(ofe) o /(«;) is homomorphism of n 2 -algebra B. However, not every Hi-algebra A 
has such a which depends on ak and ai and satisfies to equality 

/(a) = f{ak)of{ai) 

Since the representation / is single transitive and for any A-numbers a, b there 
exists A-number c such that 

(3.1.11) /(c) =/(a) o/(&) 

then the equality (3.1.11) uniquely determines A-number c. Therefore, we can 
introduce the product 

Cl = ai * bi 

such way that 

(3.1.12) f{a*b) = f{a)of{b) 

Definition 3.1.5. Let product 

Cl = ai * bi 

be operation of Qi-algebra A. Let Q = Lli\ {+}. For any operation uj € Fl{jp), 
the product is distributive over the operation ui 

(3.1.13) a * {bi-.-bnOj) = (a * bi)...(a * 6„)a; 


(3.1.14) 


(6i...6„a;) * a = (bi * a)...{bn * a)uj 
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^li-algebra A is called multiplicative fl-group.^'^ □ 

Definition 3.1.6. Let A, B be multiplicative VL-groups. The map 

f-.A^B 

is called multiplicative, if 

f{a*b) = f{a)of{b) 

□ 

Theorem 3.1.7. Single transitive representation of multiplicative Ll-group is 
multiplicative map. 

Proof. Theorem follows from the equality (3.1.12) and from the definition 
3.1.6. □ 


(3.1.16) 


However the statement of the theorem 3.1.7 is not enough to prove equality of 
expressions (3.1.9) and (3.1.10). 

Definition 3.1.8. If 

(3.1.15) a * b = b * a 

then multiplicative VL-group is called Abelian. □ 

Theorem 3.1.9. Let 

f : A M 

be effective representation of Abelian multiplicative Q-group A. Then 
/(«fe) o (/(a/) oi?(mi,...,mfc,...,mi,...,m„)) 

=/(«;) o (/(ofc) oi?(mi,...,mfc,...,m;,...,m„)) 

Proof. From equalities (3.1.9), (3.1.10), (3.1.12), (3.1.15), it follows that 
/(«fe) o (/(a;) oi7(mi,...,mfc,...,m;,...,m„)) 

=(/(«fe) ° fiai)) o Rimi, ...,mfe, ...,m„) 

=f{ak * ai) o i?(mi, ...,mfc, ...,m„) 

=f{ai *ak) oi?(mi,...,mfc,...,mi,...,m„) 

=(/(«;) o /(flfc)) ° Rimi, ...,mfe, ...,m„) 

=f{ai) ° {f{ak) oi7(mi,...,mfc,...,m;,...,m„)) 

The equality (3.1.16) follows from the equality (3.1.17). □ 

Theorem 3.1.10. Let A be Abelian multiplicative Ll-group. Let R be reduced 
polymorphism of effective representations fi, fn into effective representation f. 
Then for any k, I, k = 1, n, I = 1, n, 


(3.1.17) 


(3.1.18) 


i?(mi,..., fk{a) oTOfc, ...,mj, ...,m„) 

= R{mi, ...,mfe, ...,//(a) o mi, ...,m„) 

Proof. The equality (3.1.18) directly follows from the equality (3.1.4). 


□ 


The definition of multiplicative O-group is similar to the definition [6J-2.1.3 of fl-group. 
However, H-group assumes addition as group operation. It is important for us that group operation 
of multiplicative Q-group is product. Moreover, operation lj of Q-group is distributive over sum. 
In multiplicative $l-group, product is distributive over operation oj. 
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Theorem 3.1.11. Let 

A —Bi A — B 2 A —B 

be effective representations of Abelian multiplicative Lli-group A in Ll 2 -algebras Bi, 
B 2 , B. Let Ll 2 -algebra have 2 operations, namely oJi € Ll 2 {p), ai 2 S 02 ( 9 ). The 
equality 

(3.1.19) {ai.i...ai.qUJ2)---{ap.i...ap.qUi2)uJi = {ai.i...ap.iWi)...{ai.q...ap.qWi)ui2 
is necessary condition of existence of reduced polymorphism 

Lt B-i X B 2 — y B 

Proof. Let ai, ..., Op G Bi, bi, ..., bq £ B 2 . According to the equality 
(3.1.5), the expression 

(3.1.20) R(ai...apUJi,bi...bqUJ2) 
can have 2 values 

R{ai...apUJi,bi...bqUJ2) 

(3.1.21) =R{ai,bi...bqUi2)...R[ap,bi...bqijJ2)uJi 

= {R{ai,bi)...R{ai,bq)uj 2 )---{R{ap, bi)...R{ap, 6 ,)a; 2 )wi 
R{ai...apUJi,bi...bqUJ2) 

(3.1.22) = R{ai...apU}i,bi)...R{ai...apU}i,bq)L02 

= {R{ai,bi)...R{ap, bi)uJi)...{R{ai,bq)...R{ap, bq)u;i)uj 2 
From equalities (3.1.21), (3.1.22), it follows that 

^ {R{ai,bi)...R{ai,bq)uj 2 )...{R{ap, bi)...R{ap, bq)uj 2 )uji 

= {R{ai,bi)...R{ap,bi)uJi)...{R{ai,bq)...R{ap,bq)uji)uj 2 

Therefore, the expression (3.1.20) is properly defined iff the equality (3.1.23) is true. 
Let 

(3.1.24) Qi-j = R{ai,bj) £ A 

The equality (3.1.19) follows from equalities (3.1.23), (3.1.24). □ 

Theorem 3.1.12. There exists reduced polymorphism of effective representa¬ 
tions of Abelian multiplicative Ll-group in Abelian group. 

Proof. Since sum in Abelian group is commutative and associative, then the 
theorem follows from the theorem 3.1.11. □ 

Theorem 3.1.13. There is no reduced polymorphism of effective representations 
of Abelian multiplicative Ll-group in ring. 

Proof. There are two operations in the ring: sum which is commutative and 
associative and product which is distributive over sum. According to the theorem 
3.1.11, the existence of polymorphism of effective representation in the ring implies 
that sum and product must satisfy the equality 

(3.1.25) 01 . 102.1 + 01 . 2 O 2.2 = (oi.i + ai. 2 )(a 2 .i + 02 . 2 ) 
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However right hand side of the equality (3.1.25) has form 

(fli.i + ai. 2 )(a 2 .i + 02-2) = (oi-i + 01-2)02.1 + (oi-i + 01.2)02-2 

= 01.102-1 + O1.2O2.I + 01.102.2 + O1.2O2.2 

Therefore, the equality (3.1.25) is not true. □ 

Question 3.1.14. It is possible that polymorphism of representations exists 
only for effective representation in Abelian group. However, this statement has not 
been proved. □ 


3.2. Congruence 

Theorem 3.2.1. Let N be equivalence on the set A. Consider category A whose 
objects are maps^'^ 

fi: A ^ Si ker/i D N 
f 2 :A^S 2 ker f 2 2 N 

We define morphism fi —> /2 to be map h : Si ^ S 2 making following diagram 


commutative 


Si 



A 



S2 

The map 

nat N : A ^ A/N 

is universally repelling in the category A. 

Proof. Consider diagram 

A/N 



(3.2.1) keif AN 

From the statement (3.2.1) and the equality 

j(oi) = j(o2) 

it follows that 

/(oi) = /( 02 ) 


^•^The statement of lemma is similar to the statement on p. [1]-119. 
^■^See definition of universal object of category in definition on p. [l]-57. 
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Therefore, we can uniquely define the map h using the equality 


Kj{b)) = f{b) 


□ 


Theorem 3.2.2. Let 

f : A B 

be representation of Lli-algebra A in n 2 - 0 'lgebra B. Let N be such congruence^on 
Ll 2 -algebra B that any transformation h G *B is coordinated with congruence N. 
There exists representation 

fi : A B/N 

of Lli-algebra A in Tl 2 -algebra B/N and the map 

natiV : B B/N 

is reduced morphism of representation f into the representation fi 


B 


■ B/N j = nat N 


* * 
/\ //i 

A 


Proof. We can represent any element of the set B/N as j{a), a G B. 
According to the theorem [9J-II.3.5, there exists a unique n 2 -algebra structure 
on the set B/N. If w € ^ 2 {p), then we define operation w on the set B/N according 
to the equality (3) on page [9]-59 

(3.2.2) j{bi)...j{bp)uj = j{bi...bpUj) 

As well as in the proof of the theorem [4J-2.2.16, we can define the represen¬ 
tation 

fi : A—*^ B/N 

using equality 

(3.2.3) fi{a) ° jib) = jif{a) ob) 

We can represent the equality (3.2.3) using diagram 


(3.2.4) 


B - - - ^B/N 



fiA) 

B/N 


Let w G Ll 2 ip). Since the maps f{a) and j are homomorphisms of f22-algebra, then 


(3.2.5) 


/i(a) o ijibi)---jibp)uj)= fiia)oj{bi...bpUj) 

= j(/(a) o {bi...bpuj)) 

= jiifia)obi)...if{a)obp)u}) 

= jifia)°bi)...j{f{a)obp)uj 
= ifiia) o jibi))-ifiia) o j{bp))w 


3.4 


'See the definition of congruence on p. [9]-57. 
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From the equality (3.2.5), it follows that the map /i(a) is homomorphism of ^ 2 - 
algebra. From the equality (3.2.3) and from the [4J-2.3.2, it follows that the map 
j is reduced morphism of the representation / into the representation /i. □ 

Theorem 3.2.3. Let 

f : A B 

he representation of fli-algebra A in ri 2 -algebra B. Let N be such congruence on 
Ll 2 -algebra B that any transformation h G *B is coordinated with congruence N. 
Consider category A whose objects are reduced morphisms of representations^'^ 

Ri'.B^Si kerRiDN 

R 2 ■ B ^ S 2 ker R 2 N 

where Si, S 2 are Q. 2 -algebras and 

gi : A Si 02 ■ A S 2 

are representations of Lli-algebra A. We define morphism Ri —^ R 2 to he reduced 
morphism of representations h : Si ^ S 2 making following diagram commutative 



The reduced morphism nat N of representation f into representation fi (the theorem 
3.2.2) is universally repelling in the category A. 

Proof. From the theorem 3.2.1, it follows that there exists and unique the 
map h for which the following diagram is commutative 



Therefore, we can uniquely define the map h using equality 

( 3 . 2 . 6 ) h{m) = m 


^■^The statement of lemma is similar to the statement on p. [1]-119. 
^■®See definition of universal object of category in definition on p. [l]-57. 






3.3. Tensor Product of Representations 


29 


Let Lo € ^ 2 (p)- Since maps R and j are homomorphisms of f22-algebra, then 


(3.2.7) 


= h{j{bi...bpUj)) 

= R{bi...bpUj) 

= R{bi)...R{bp)oj 
= Ki{bi))...h{j{hp))u: 


From the equality (3.2.7), it follows that the map h is homomorphism of f22-algebra. 

Since the map R is reduced morphism of the representation / into the repre¬ 
sentation ( 7 , then the following equality is satished 

(3.2.8) 9{a){R{b)) = R{f{a){b)) 

From the equality (3.2.6) it follows that 

(3.2.9) 9 ia)ih{j{b))) = g{a){R{b)) 

From the equalities (3.2.8), (3.2.9) it follows that 

(3.2.10) 9 ia)ih{jm = R{f{a){b)) 

From the equalities (3.2.6), (3.2.10) it follows that 

(3.2.11) g{a){h{j(b))) = /i(j(/(a)(6))) 

From the equalities (3.2.3), (3.2.11) it follows that 

(3.2.12) g{a){h{j{b))) = /i(/i(a)(j(6))) 

From the equality (3.2.12) it follows that the map h is reduced morphism of repre¬ 
sentation /i into the representation g. □ 
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Definition 3.3.1. Let A be Abelian multiplicative Lli-group. Let Bi, Bn 
be n 2 -o.lgebras. Let, for any k, k = 1, n, 

fk ■ A —*^ Bk 

he effective representation of multiplicative Lli-group A in Ll 2 -algebra Bk- Consider 
category A whose objects are reduced polymorphisms of representations fi, fn 

r\ I B^ X — X Bn ^ S\ 1*2 * B'Y X — X Bn ^ S 2 

where Si, S 2 are Ll 2 -algebras and 

gi : A —*—^ Si gi '■ A —*—^ S 2 

are effective representations of multiplicative Lli-group A. We define morphism 
Ri —>■ i ?2 to be reduced morphism of representations h : Si ^ S 2 making following 


give definition of tensor product of representations of universal algebra following to definition 
in [1], p. 601 - 603. 
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diagram commutative 



Universal object ig) ... (8) Bn of category A is called tensor product of repre¬ 
sentations Bi, Bn- n 

Theorem 3.3.2. Since there exists tensor product of effective representations, 
then tensor product is unique up to isomorphism of representations. 

Proof. Let A be Abelian multiplicative fli-group. Let Bi, ..., Bn be ^ 2 - 
algebras. Let, for any k, k = 1, ..., n, 

fk ■ A Bk 

be effective representation of multiplicative fli-group A in n 2 -algebra Bk- Let 
effective representations 


gi : A Si g 2 ■ A S 2 


be tensor product of representations Bi, ..., Bn- From commutativity of the dia¬ 
gram 



it follows that 

Ri = h 2 o hi o Ri 
R2 = hi0h20R2 

From equalities (3.3.2), it follows that morphisms of representation hi o / 12 , ^20 hi 
are identities. Therefore, morphisms of representation hi, h 2 are isomorphisms. □ 


Convention 3.3.3. Algebras Si, S 2 may be different sets. However they are 
indistinguishable for us when we consider them as isomorphic representations. In 
such case, we write the statement Si = 82 - D 


Definition 3.3.4. Tensor product 


B®" = Bi (8 ... 8 Bi = - = Bn = B 

is called tensor power of representation B. □ 

Theorem 3.3.5. Since there exists polymorphism of representations, then there 
exists tensor product of representations. 
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Proof. Let 

/ : A M 

be representation of fii-algebra A generated by Cartesian product Bi x ... x Bn of 
sets Bi, Bn.^'^ Injection 

i ■. Bi X ... X Bn -^ M 

is defined according to rule 

(3.3.3) i o {bi, ..., bn) = {bi ,..., 6 „) 

Let N be equivalence generated by following equalities 

(3.3.4) (^1: J ..., bn) — (^1; ^ 2 - 1 ; ^n)---(^l; ■•■7 ^n)^ 

(3.3.5) {bi,...,fi{a)obi,...,bn) = /(a) o ( 6 i,..., 6 ^,..., &„) 

bk e Bk fc = l,...,n bni, ...,bnp € Bi uj€Q.2{p) qGA 

Lemma 3.3.6. Let uj G fl 2 (p)- Then 
^ /(c) O ( 6 i, ..., h.i...bi.pUJ, ..., bn) 

=f{c) o {{bi,...,bni,...,bn)...{bi,...,bi.p,...,bn)uj) 

Proof. From the equality (3.3.5), it follows that 

(3.3.7) /(c) o ( 6 i,..., bi.i...bt.pUj ,..., bn) = (5i,..., / 2 (c) o {bi.i...bt.pU}),..., bn) 

Since fi{c) is endomorphism of fl 2 -algebra Bi, then from the equality (3.3.7), it 
follows that 

(3.3.8) /(c) o {bi ,..., bni...bi.pU !,..., 6 „) = ( 61 ,..., (/i(c) o bi.i)...{fi{c) o bi.p)uj ,..., bn) 
From equalities (3.3.8), (3.3.4), it follows that 


/(c) o {bi ,..., bi.i...bi.pU },..., bn) 

= ( 61 ,..., /j(c) O bi.i ,..., &„)...( 6 i,..., /i(c) O 6 i.p,..., bn)uj 

From equalities (3.3.9), (3.3.5), it follows that 

/(c) O ( 61 , ..., bnl...bi.pU!, ..., bn) 

= (/(c) o (^ 1 , bi- 1 , 6 „))...(/(c) o ( 61 ,..., 6 i.p,..., 6 „))a; 

Since /(c) is endomorphism of r 22 -algebra B, then the equality (3.3.6) follows from 
the equality (3.3.10). © 

Lemma 3.3.7. 

(3.3.11) /(c) o ( 61 ,..., fi{a) o bi,..., bn) = /(c) o (/(a) o {bi,..., bi,..., bn)) 


(3.3.9) 


(3.3.10) 


^■®According to theorems 2.1.3, 2.3.2, the set generated by reduced Cartesian product of repre- 
sentations Si, Bn coincides with Cartesian product Si x ... x Bn of sets Si, ..., Bn- At this 
point of the proof, we do not consider any algebra structure on the set Si x ... x Bn- 

^■^The equality (3.3.3) states that we identify the basis of the representation M with the set 
Si X ... X Sn- 

I considered generating of elements of representation according to the theorem [4J-2.6.4. 
The theorem 3.3.11 requires the fulfillment of conditions (3.3.4), (3.3.5). 
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(3.3.12) 


Proof. From the equality (3.3.5), it follows that 

/(c) o {bi, ..., /,(a) o b„ ..., bn) = {bi, ..., fi{c) o (/,(a) o 6^),..., 6„) 

= (^ 1 , (/i(c) o /,(a)) o bi, ..., 6„) 

= (/(c) o /(a)) o {bi,...,b„...,bn) 

= f{c)o{f{a)o{bi,...,bi,...,bn)) 

The equality (3.3.11) follows from the equality (3.3.12). © 

Lemma 3.3.8. For any c S A, endomorphism f{c) of D, 2 -algebra M is coordi¬ 
nated with equivalence N. 


Proof. The lemma follows from lemmas 3.3.6, 3.3.7 and from the definition 
[4]-2.2.14. 0 

From the lemma 3.3.8 and the theorem [7J-3.2.15, it follows that fli-algebra 
is defined on the set *M/N. Consider diagram 



According to lemma 3.3.8, from the condition 


j obi = j o b 2 

it follows that 

j o (/(a) o bi) = jo {f{a) o 62 ) 

Therefore, transformation F(a) is well defined and 
(3.3.13) F{a)o j = j o f{a) 

If a; G ill (p), then we assume 

{F{ai)...F{ap)u}) o (J o &) = J o ((/(ai).../(ap)a;) o b) 

Therefore, map F is representations of fli-algebra A. From (3.3.13) it follows that 
j is reduced morphism of representations / and F. 

Consider commutative diagram 
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From commutativity of the diagram (3.3.14) and from the equality (3.3.3), it follows 
that 

(3.3.15) 51 o ( 6 i,..., bn) =jo ( 6 i,..., bn) 

From equalities (3.3.3), (3.3.4), (3.3.5), it follows that 
^ gi o (h, bi-i-M pUJ ,..., bn) 

= (51 o ( 6 i,..., 6 i.i,..., 6 „))...( 5 i o ( 6 i,..., ..., 6 „))a; 

(3.3.17) 51 o ( 61 ,..., fi{a) o bi, ..., bn) = f{a) o (51 o {bi, ..., bi, ..., 6 „)) 

From equalities (3.3.16) and (3.3.17) it follows that map 51 is reduced polymorphism 
of representations /i, ..., /„. 

Since Bi x ... x Bn is the basis of representation M of fli algebra A, then, 
according to the theorem [4J-2.7.7, for any representation 


and any reduced polymorphism 

52 : Si X ... X Bn -^ 1 ^ 


there exists a unique morphism of representations k : M ^ V, for which following 
diagram is commutative 


(3.3.18) 



V 


Since 52 is reduced polymorphism, then ker k A N. 

According to the theorem 3.2.3, map j is universal in the category of morphisms 
of representation / whose kernel contains N. Therefore, we have morphism of 
representations 

h : M/N V 

which makes the following diagram commutative 


(3.3.19) 


M/N 



We join diagrams (3.3.14), (3.3.18), (3.3.19), and get commutative diagram 
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Since Imgi generates M/N, than map h is uniquely determined. □ 

According to proof of theorem 3.3.5 

Bi 0 ... 0 = M/N 

If di S Ai, we write 

(3.3.20) j o (di,..., dn) = di 0 ... 0 d„ 

From equalities (3.3.15), (3.3.20), it follows that 

(3.3.21) gi o (di,..., dn) = di 0 ... 0 dn 
Theorem 3.3.9. The map 

{xi,...,Xn) e Bi X ... X Bn ^ Xi ... 0 € i?i 0 ... 0 

is polymorphism. 

Proof. The theorem follows from definitions 3.1.3, 3.3.1. □ 

Theorem 3.3.10. Let Bi, Bn he Ll 2 -algebras. Let 


f ■. Bi X ... X Bn ^ Bi ® ... 0 Bn 
be reduced polymorphism defined by equality 
(3.3.22) f o{bi,...,bn) = bi® ...®bn 

Let 


g : Bi X ... X Bn ^ V 

be reduced polymorphism into Q-algebra V. There exists morphism of representa¬ 
tions 


h -. Bi ® ... ® Bn ^ V 


such that the diagram 


Bi 0 ... 0 Bn 



h 



V 


is commutative. 

Proof, equality (3.3.22) follows from equalities (3.3.3) and (3.3.20). An exis¬ 
tence of the map h follows from the definition 3.3.1 and constructions made in the 
proof of the theorem 3.3.5. □ 

Theorem 3.3.11. Let 


bk € Bk k = l,...,n b^i, ...,bnp £ Bi uj € Ll2[p) a€A 


Tensor product is distributive over operation ui 


(3.3.23) 


bi 0 ... 0 {bi.i...bi.pUj) 0 ... 0 bn 

= (6i 0 ... 0 bi.i 0 ... 0 bn)...{bi 0 


0 bi.p 0 ... 0 bn)uj 



3.4. Associativity of Tensor Product 
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The representation of multiplicative Qi-group A in tensor product is defined by 
equality 

(3.3.24) bi (g)... (g) (/i(a) o bf) ® ... ®bn = f{a) o (6i ® ... (g ig ... (g 6„) 

Proof. The equality (3.3.23) follows from the equality (3.3.16) and from the 
definition (3.3.21). The equality (3.3.24) follows from the equality (3.3.17) and 
from the definition (3.3.21). □ 

3.4. Associativity of Tensor Product 

Let A be multiplicative Hi-group. Let Bi, B 2 , B 3 be n 2 -algebras. Let, for 
= 1, 2, 3, 

fk ■ A Bk 

be effective representation of multiplicative Hi-group A in n 2 -algebra B^. 

Lemma 3.4.1. For given value of X 3 G B 3 , the map 

(3.4.1) hi 2 ■ (i?i g B 2 ) X B 3 —>■ Bi g B 2 g B 3 
defined by equality 

(3.4.2) hi2(xi g 0 : 2 , X 3 ) = cci g 0:2 g 2^3 

is reduced morphism of the representation Bi g B 2 into the representation Bi g 
B 2 ® B 3 . 

Proof. According to the theorem 3.3.9, for given value of X 3 G B 3 , the map 

(3.4.3) {xi,X 2 ,X 3 ) G Bi X B 2 X B 3 ^ xi ® X 2 ® X 3 G Bi ® B 2 ® B 3 

is polymorphism with respect to xi G Bi, X 2 G B 2 . Therefore, for given value of 
X 3 G B 3 , the lemma follows from the theorem 3.3.10. □ 

Lemma 3.4.2. For given value of X 12 G i?i g i ?2 the map hi 2 is reduced 
morphism of the representation B 3 into the representation Bi ® B 2 ® B 3 . 

Proof. According to the theorem 3.3.9 and the equality (3.3.21), for given 
value of xi G Bi, X 2 G B 2 , the map 

(3.4.4) (xi g X 2 ,X 3 ) G Bi X B 2 X B 3 ^ xi ® X 2 ® X 3 G Bi ® B 2 ® B 3 

is morphism with respect to X 3 G B 3 . Therefore, the theorem follows from 
theorems 3.1.10, 3.1.11. □ 

Lemma 3.4.3. There exists reduced morphism of representations 

h:{Bi® B 2 ) ®B 3 ^Bi®B 2 ®B 3 

Proof. According to lemmas 3.4.1, 3.4.2 and to the definition 3.1.3, the map 
hi 2 is reduced polymorphism of representations. The lemma follows from the the¬ 
orem 3.3.10. □ 

Lemma 3.4.4. There exists reduced morphism of representations 
g : Bi g B 2 g B 3 [Bi g B 2 ) g B 3 
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Proof. The map 

(a:i,X2,a:3) e Bi x B2 x B3 ^ {xi ® X2) 0 X3 G {Bi (g) B2) 0 B3 

is polymorphism with respect to xi G Bi, X2 G B 2 , X3 G B 3 . Therefore, the 
lemma follows from the theorem 3.3.10. □ 


Theorem 3.4.5. 


(3.4.5) (Bi 0 B 2 ) 0 ^3 = 0 {B 2 0 B 3 ) = Bx® B 2 ® B 3 


Prooe. According to lemma 3.4.3, there exists reduced morphism of represen¬ 
tations 

h : (Bi 0 B 2 ) 0 B 3 Bi 0 B 2 0 B 3 

According to lemma 3.4.4, there exists reduced morphism of representations 
g : Bi 0 B 2 0 B 3 —>■ (Bi 0 B 2 ) 0 B 3 

Therefore, reduced morphisms of representations h, g are isomorphisms. Therefore, 
the following equality is true 

(3.4.6) {Bi 0 B 2 ) ®B 3 = Bi®B 2 ®B 3 

We prove similarly the equality 

Bi 0 {B2 0 B3) = Bi® B2® B3 


□ 


Remark 3.4.6. It is evident that structures of fl 2 -algebras {Bi ® B 2 ) 0 B 3 , 
Bi® B 2 ® B 3 are little different. We write down the equality (3.4.6) based on the 
convention 3.3.3 and this allows us to speak about associativity of tensor product of 
representations. □ 


CHAPTER 4 


D-Module 


4.1. Module over Commutative Ring 
Theorem 4.1.1. Let ring D has unit e. Representation 

f : D V 

of the ring D in an Abelian group A is effective iff a = 0 follows from equality 
f{a) = 0. 

Proof. We define the sum of transformations / and g of an Abelian group 
according to rule 

(/ + 3)(a) = /(a) + 5(a) 

Therefore, considering the representation of the ring D in the Abelian group A, we 
assume 

/(a + b){x) = f{a){x) + f{b){x) 

Suppose a, b G R cause the same transformation. Then 
(4.1.1) f{a)om = f{b)om 

for any m € A. From the equality (4.1.1) it follows that a — b generates zero 
transformation 

/(a — b) om = 0 

Element e+a—b generates an identity transformation. Therefore, the representation 
/ is effective iff a = 6. □ 

Definition 4.1.2. Effective representation of commutative ring D in an Abelian 
group V 


(4.1.2) f{d):v^dv 
is called module over ring D or D-module. 

Theorem 4.1.3. Following conditions hold for D-module: 

• associative law 

(4.1.3) {ab)m = a[bm) 

• distributive law 


(4.1.4) 

(4.1.5) 

• unitarity law 


a(m + n) = am + an 
(a + b)m = am + bm 


(4.1.6) Im = m 

for any a, b € D, m, n G V. 


□ 
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Proof. Since transformation a is endomorphism of the Abelian group, we 
obtain the equality (4.1.4). Since representation (4.1.2) is homomorphism of the 
additive group of ring D, we obtain the equality (4.1.5). Since representation (4.1.2) 
is left-side representation of the multiplicative group of ring D, we obtain equalities 
(4.1.3) and (4.1.6). □ 

Theorem 4.1.4. The set of vectors generated by the set of vectors v = (vi £ 
V,iGl) has form 


(4.1.7) 


J{v) = 


= ^evi,e &D 


i€l 


Proof. We prove the theorem by induction based on the theorem [4J-2.6.4. 
Let fc = 0. According to the theorem [4J-2.6.4, Xq = v. For any Vk G v, let 
c^ = Si- Then 

(4.1.8) Ufc = c^Vj 

Vk S J{v) follows from (4.1.7), (4.1.8). 

Let Xk-i C J{v). 

• Let Wi, W 2 G Xk-i- Since V is Abelian group, then according to the 
statement [4J-2.6.4.3, W 1 +W 2 G Xk- According to statements [4]-(2.6.1), 
(4.1.7), there exist H-numbers c*, d^, i G I, such that 


(4.1.9) 


iGl 

W2 = 


Vi 


Vi 


iei 


Since V is Abelian group, then from the equality (4.1.9) it follows that 
(4.1.10) wi + W2 = c'‘vi + d'vi = y]](c*Ui -b d^Vi) 


iei 


i£l 


iei 


The equality 

(4.1.11) wi +W2 = y^(c^ + d'^)vi 

iei 

follows from equalities (4.1.5), (4.1.10). From the equality (4.1.11), it 
follows that W 1 +W 2 G J{v). 

• Let w G Xk-i- According to the statement [4J-2.6.4.4, for any H-number 
a, aw G Xk- According to statements [4]-(2.6.1), (4.1.7), there exist D- 
numbers c*, i G I, such that 


(4.1.12) 


= E 


iei 


From the equality (4.1.12) it follows that 

(4.1.13) aw = a{c^Vi) = y^(ac*)ui 

iei iei iei 

From the equality (4.1.13), it follows that aw G J{v). 


□ 


4.1. Module over Commutative Ring 
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Convention 4.1.5. We will use Einstein summation convention in which re¬ 
peated index (one above and one below) implies summation with respect to repeated 
index. In this case we assume that we know the set of summation index and do not 
use summation symbol 

Ev, = Ev, 

i&I 

□ 


Definition 4.1.6. Let v = {vi G V,i G I) be set of vectors. The expression 
c^Vi is called linear composition of vectors Vi. A vector 

W = C^Vi 

is called vector linearly dependent on vectors Vi. □ 


Theorem 4.1.7. Let D be field. Since equality 
(4.1.14) Evi = 0 

implies existence of index i = j such that ^ 0, then the vector Vj linearly 
depends on rest of vectors v. 


Proof. The theorem follows from the equality 

c* 


= E 




C3 


and from the definition 4.1.6. 


□ 


It is evident that for any set of vectors Vi 

0 = c^vi c" = 0 

Definition 4.1.8. Vectors'^'^ Ci, i G I, of D-module A are linearly inde¬ 
pendent if c = 0 follows from the equality 

Eci = 0 

Otherwise vectors Ci, i G I, are linearly dependent. □ 

Theorem 4.1.9. Let D be field. A set of vectors e= (ei,i G I) is a basis 
of D-vector space V, if vectors Ci are linearly independent and any vector v G V 
linearly depends on vectors Ci. 

Proof. Let e = {ei,i G I) be basis of D-vector space V. According to the 
definition [4J-2.7.1 and to theorems [4J-2.6.4, 4.1.4, any vector u S V is linear 
composition of vectors Ci 

(4.1.15) V = v^Ci 

From the equality (4.1.15), it follows that the set of vectors v, Cj, i G I, is not 
linearly independent. 

Consider equality 

(4.1.16) c*ei = 0 
According to the theorem 4.1.7, since 

(4.1.17) 0 


4.1 


I follow to the definition in [1], p. 130. 
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then the vector Cj linearly depends on rest of vectors e. Therefore the set of vectors 
Bi, i £ I \ {j}, generates D-vector space V. According to the definition [4J-2.7.1, 
the statement (4.1.17) is not true. According to the definition 4.1.8, vectors Bi are 
linearly independent. □ 

Definition 4.1.10. A sBt of vBctors e = (ei,i G I) is callBd^'^ a basis of D- 
module V, if arbitrary vBctor v G V is linsar combination of vectors of the basis 
and arbitrary vector of the basis cannot be represented as a linear combination of 
the remaining vectors of basis. A is free module over ring D, if A has basis over 
ring D. □ 

Definition 4.1.11. Let e be the basis of D-module A and A-number a has 
expansion 

a = afei 

with respect to the basis e. D-numbers a* are called coordinates of A-number a 
with respect to the basis e. □ 

4.2. Linear Map of D-Module 

Definition 4.2.1. Let Ai, A 2 be D-modules. Morphism of representations 

/ : Ai —A2 

of D-module Ai into D-module A 2 is called linear map of D-module Ai into D- 
module A 2 . Let us denote C{D\Ai — > A 2 ) set of linear maps of D-module Ai into 
D-module A 2 . □ 

Theorem 4.2.2. Linear map 

/ : Ai —>■ A2 

of D-module A\ into D-module A 2 satisfies to equalities'^''^ 

(4.2.1) /o(a + 6) = /oa + /o6 

(4.2.2) f o {pa) = p{f o a) 

a,h G Ai p G D 

Proof. From definition 4.2.1 and theorem [7J-3.3.1 it follows that the map / is 
a homomorphism of the Abelian group Ai into the Abelian group A 2 (the equality 
(4.2.1)). The equality (4.2.2) follows from the equality [7]-(3.3.3). □ 

Theorem 4.2.3. Let Ai, A 2 be D-modules. The map 

(4.2.3) f -G g : Ai ^ A 2 f,gG C{D\ Ai —> A 2 ) 
defined by equation 

(4.2.4) {f + g)ox = fox + gox 

is called sum of maps / and g and is linear map. The set C{D\ Ai] A 2 ) is an 
Abelian group relative sum of maps. 


^•^The definition 4.1.10 follows from the theorem [4]-2.7.2 and the remark [4]-2.7.3. 
follow to the definition in [1], p. 135. 

^ An some books (for instance, [1], p. 119) the theorem 4.2.2 is considered as a definition. 
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Proof. 

According to the theorem 4.2.2 

(4.2.5) 

f 0 (v + w) = fov + fow 

(4.2.6) 

f 0 {dv) =d{f ov) 

(4.2.7) 

g 0 (v -\- w) = gov + gow 

(4.2.8) 

go{dv)=d{gov) 

The equality 

(4.2.9) 

{f + g) 0 [v + w) = f 0 (y + w) + g 0 [v + w) 
=fov+fow+gov+g 


= {f + g)°v +if + g)ow 


follows from the equalities (4.2.4), (4.2.5), (4.2.7). The equality 
if + g)o (dv) = f o{dv) +go{dv) 


(4.2.10) 


= dfov + dgov 
= d{fov + gov) 


= d{{f + g)ov) 


follows from the equalities (4.2.4), (4.2.6), (4.2.8). From equalities (4.2.9), (4.2.10) 
and from the theorem 4.2.2, it follows that the map (4.2.3) is linear map of D- 
modules. 

From the equality (4.2.4), it follows that the map 


0 -.v € Ai ^0 € A 2 


is zero of addition 

{0 + f)ov = 0ov + fov = fov 
From the equality (4.2.4), it follows that the map 

-f :v € Ai ^ -(/ ov) G A 2 


is map inversed to map / 

(/ + (—/)) o V = f o V + (—/) ov = fov — fov = 0 = 0ov 
From the equality 

{f + g)ox = fox + gox 
=gox+fox 
= {g + f)°x 

it follows that sum of maps is commutative. 


□ 


Theorem 4.2.4. Let Ai, A 2 be D-modules. The map 


(4.2.11) df-.Ai^A2 deD f € C{D;Ai ^ A 2 ) 
defined by equality 

(4.2.12) {d f) o X = d{f o x) 

is linear map and is called product of map / over scalar d. The representation 

(4.2.13) a: f € £{D; Ai A 2 ) af G C{D; Ai A 2 ) 
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of ring D in Abelian group C{D; Ai — A 2 ) generates strueture of D-module. 
Proof. According to the theorem 4.2.2 

(4.2.14) fo[v-\-w) = fov-\-fow 

(4.2.15) f o {dv) = d{f o v) 

The equality 

(d f) o [v -\-w) = d{f o [v w)) 

(4.2.16) = d(/ ov f ow) = d{f ov) d{f o w) 

= {df)ov-\-{df)ow 

follows from the equalities (4.2.12), (4.2.14). The equality 
, , {cf)o{dv)=c{fo{dv))=cd{fov) = d{c{fov)) 

= d{{cf)ov) 

follows from the equalities (4.2.12), (4.2.15). From equalities (4.2.16), (4.2.17) and 
from the theorem 4.2.2, it follows that the map (4.2.11) is linear map of H-modules. 
The equality 

(4.2.18) {p + q)f =pf + qf 
follows from the equality 

((a + b)f) o u = (a + 6)(/ ov) = a{f o n) + b{f o v) = (af) o u + (bf) o v 

= {af + bf)ov 

The equality 

(4.2.19) p{qf) = {pq)f 
follows from the equality 

{{ab)f) ov= {ab)(f o v) = a{b{f o v)) = a{{bf) o v) = {a{bf)) o v 

From equalities (4.2.18), (4.2.19), it follows that the map (4.2.13) is representation 
of ring D in Abelian group C{D] Ai A 2 ). According to the definition 4.1.2 and 
the theorem 4.2.3, Abelian group C{D]Ai A 2 ) is H-module. □ 

Theorem 4.2.5. Let map 

/ : Ai —>■ A2 

be linear map of D-module Ai into D-module A 2 . Then 

/o0 = 0 


Proof. The theorem follows from the equality 

/o(a + 0) = /oa + /o0 


□ 


4.3. Polylinear Map of D-Module 
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4.3. Polylinear Map of Z?-Module 

Definition 4.3.1. Let D he the commutative ring. Reduced polymorphism of 
D-modules Ai, An into D-module S 

f : Ai X ... X An —>■ S 

is called polylinear map of D-modules Ai, An into D-module S. Let us denote 
C{D:Ai X ... X An S) set of polylinear maps of D-modules Ai, An into D- 
module S. Let us denote C{D]A'^ — > S) set of n-linear maps of D-module A 
(Ai = ... = An = A) into D-module S. □ 

Theorem 4.3.2. Let D he the commutative ring. The polylinear map of D- 
modules Ai, ..., An into D-module S 

f : Ai X ... X An —>■ S 

satisfies to equalities 

f o (oi, ...,aj + hi, ...,a„) = / o (oi, ...,ai, ...,an) + f o {ai,...,bi, ...,an) 
f ^ (ni 5 ■ • ■; P^i Hn) — Pf ^ (ni; ai^ ..., Rn) 

f ^ (R1 ; ai -\- bi^ ..., Rn) — f ^ (RIi Rz; Rn) “t“ Rn) 

/ o (ri, ...,pai, ...,an) =pf o (ri, ...,ai, ...,an) 

1 < i <n ai,bi € Ai p € D 

Proof. The theorem follows from definitions 3.1.1, 4.2.1 and from the theorem 
4.2.2. □ 

Theorem 4.3.3. Let D be the commutative ring. Let Ai, ..., An, S be D- 
modules. The map 

(4.3.1) / + <7 • Ai X ... X An S f, g G ^{D] Ai x ... x An — t S) 
defined by equation 

(4.3.2) if + g)° (ri, ...,Rn) = / o (ri, ...,r„) + g o (ri, ...,r„) 

is called sum of polylinear maps / and g and is polylinear map. The set 
C{D; Ai X ... X An —>■ S) is an Abelian group relative sum of maps. 

Proof. According to the theorem 4.3.2 

(4.3.3) / O (ri, ...,Ri + bi, ...,R„) = / O (ri, ...,Ri, ...,R„) + / o (ri, ...,bi, ...,R„) 

(4.3.4) / o (ri, ■•■,an) = pf o (ri, ...,Ri, ...,Rn) 

(4.3.5) go{ai, ...,ai + bi, ...,an) = go {ai,...,ai, ...,an) + 5 o (ri, ...,bi, ...,r„) 

(4.3.6) g o (ri, ...,pai, ..., an) = pg o (ri, ..., m,..., an) 
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The equality 

if + 9)° + yi, ...,Xn) 

= / o (xi, + yi, ...,Xn) +go {xi,...,Xi + yi, 

(4.3.7) = / o (xi, ...,Xi, ...,Xn) + / o {xi,...,yi, ...,x„) 

+50 (xi,...,Xi,...,x„) + 50 (xi,...,?/i,...,X„) 

={f + 9) ° {xi,...,Xi,...,Xn) + if + g)o{xi,...,y^,...,Xn) 
follows from the equalities (4.3.2), (4.3.3), (4.3.5). The equality 
if + 9)° {xi,...,pxi, ...,Xn) 

= / o (xi, ...,pXi, ...,Xn) +9° ixi,...,pXi, ...,X„) 

(4.3.8) =pf O (xi, ...,Xi, ...,Xn) +P90 (xi, ...,Xi, ...,x„) 

=pif ° (a^l, ■■■,Xi, ...,Xn)+ 9 ° {xi,...,Xi, ...,Xn)) 

=p(f + 9)° (a^l, ■■■,Xi, ...,Xn) 

follows from the equalities (4.3.2), (4.3.4), (4.3.6). From equalities (4.3.7), (4.3.8) 
and from the theorem 4.3.2, it follows that the map (4.3.1) is linear map of D- 
modules. 

Let f, g, h & C{D] Ax X ... X A2 ^ S). For any a = (oi,..., On), ai £ ^i, ..., 

£ Aji , 

if + g) o a =f oa + goa = goa + foa 

=i 9 + f)°a 

((/ + g) + h) o a =(/ + g)oa + hoa = {foa + goa) + hoa 
=f oa + {goa + hoa) = foa+{g + h)oa 
={f + {9 + h))oa 

Therefore, sum of polylinear maps is commutative and associative. 

From the equality (4.3.2), it follows that the map 

0 ! u £ Ax X ... X Aji —^ 0 £ * 5 * 

is zero of addition 

(0 + /) ° (oi, ■•■,an) = 0 o (ai, ...,a„) + / o (m, ...,a„) = / o (oi, ...,a„) 

From the equality (4.3.2), it follows that the map 

f ■ (^15 • ■ •; a^) ^ Ax X ... X An h (y* o (ui,..., U71)) £ S 
is map inversed to map / 

/ + (-/) = o 

(/ + (-/)) ° (oi, = fo(ax, ...,a„) + (-/) o (ai,...,a„) 

= / o (ai, ...,a„) - fo (ax,..., an) 

= 0 = 0 o (ai, ...,a„) 


because 


4.3. Polylinear Map of D-Module 
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From the equality 

(/ + 5 ) ° (oi, = / o (oi, + 5 o (oi, 

— 9 ^ (^1 j ■ • ■ 5 ^n) “t“ (ui, ..., CLn) 

= {9 + f)° (ai,---,a„) 

it follows that sum of maps is commutative. Therefore, the set C{D-, x ... x An 
S) is an Abelian group. □ 

Theorem 4.3.4. Let D be the commutative ring. Let Ai, An, S be D- 
modules. The map 

(4.3.9) df:AiX...xAn^S dGD f € C{D-, Ai x ... x An ^ S) 
defined by equality 

(4.3.10) (d/) o (ai, ...,a„) = d{f o (oi, ...,«„)) 

is polylinear map and is called product of map / over scalar d. The represen¬ 
tation 

(4.3.11) a : / G £(11; Ai x ... x A„ ^ S') ^ a/ G £(£>; Ai x ... x A„ ^ S) 

of ring D in Abelian group C{D\Ai x ... x An —>■ S) generates structure of D- 
module. 

Proof. According to the theorem 4.3.2 

(4.3.12) / o (ai, ...,ai + bi, ...,an) = / o (oi, ..., 0 *, ...,a„) + / o (ai, ...,bi, ...,a„) 

(4.3.13) / o (ai, -nPai,-nan) = pf o (oi, ...,ai, ...,a„) 

The equality 

{pf)o{xi,...,Xi-i-yi,...,Xn) 

= P f O {xi,...,Xi + yi, ...,Xn) 

(4.3.14) =p if O {xi,...,Xi, ...,Xn) + f O {xi, ...,2/j, ...,Xn)) 

= p{f O {Xi,...,X^, ...,Xn)) +p{f O {xi, ...,yi,...,Xn)) 

= {pf) O {Xl,...,X^,...,Xn) + (pf) O {xi,...,yi,...,Xn) 

follows from equalities (4.3.10), (4.3.12). The equality 

(pf) o {xi, ...,qXi, ...,Xn) 

(4.3.15) =p{f o (xi, ...,qxi, ...,Xn)) = pq{f o (xi, ...,Xi, ...,x„)) 

= gp(/o (xi,...,x„)) = q{pf) o (xi, ...,x„) 

follows from equalities (4.3.10), (4.3.13). From equalities (4.3.14), (4.3.15) and from 
the theorem 4.3.2, it follows that the map (4.3.9) is polylinear map of H-modules. 
The equality 

(4.3.16) {p + q)f =pf + qf 
follows from the equality 

{{P + q)f) ° (a^l, ..., Xn) ={P + q){f O (Xi, ..., Xn)) 

=p{f o (a;i,..., Xn)) + q{f o (xi,..., x„)) 

={jpf) o (xi,...,x„) + (g/) o (xi,...,x„) 
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The equality 

(4.3.17) p{qf) = {pq)f 

follows from the equality 

(p(9/)) o =P (<?/) o (xi,...,x„) =p {q f O {xi,...,Xn)) 

=(,Pq) /o (xi,...,x„) = {{pq)f) o (xi,...,x„) 

From equalities (4.3.16) (4.3.17) it follows that the map (4.3.11) is representation 
of ring D in Abelian group C{D\ Ai x ... x An S) . Since specified representation 
is effective, then, according to the definition 4.1.2 and the theorem 4.3.3, Abelian 
group C{D; Ai —>■ A^) is U-module. □ 

4.4. H-module C{D-, A ^ B) 

Theorem 4.4.1. 

(4.4.1) C{D- AP ^ C{D- A^ B)) = C{D- Ap+« ^ B) 

Proof. □ 

Theorem 4.4.2. Let 

f = {ei ; i e /} 

he basis of D-module A. The set 

(4.4.2) I = {h* € £(£»; AD) : i e I,h^ o Cj = 5^ 
is the basis of D-module C{D; A —> D). 

Proof. 

Lemma 4.4.3. Maps M are linear independent. 

Proof. Let there exist H-numbers Ci such that 

CiM = 0 

Then for any A-number Cj 

0 = CiM o ej = Ci6j = Cj 

The lemma follows from the definition 4.1.8. © 

Lemma 4.4.4. The map f £ C{D]A —> D), is linear composition of maps . 
Proof. For any A-number a, 

(4.4.3) a = oLci 
the equality 

(4.4.4) h* o a = h* o {a^ej) = (fT o Cj) = 

follows from equalities (4.4.2), (4.4.3) and from the theorem 4.2.2. The equality 

(4.4.5) f oa = f o (a*ei) = a*(/ o a) = (/ o ei)(/i^ o a) 
follows from the equality (4.4.4). The equality 

f = {foei)h^ 

follows from equalities (4.2.4), (4.2.12), (4.4.5). 

The theorem follows from lemmas 4.4.3, 4.4.4 and from the definition 4.1.10. 


□ 0 


4.4. Z>-module C(D-A B) 
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(4.4.6) 


Theorem 4.4.5. Let D he commutative ring. Let 

Cj = {ci-i : i S li} 

be basis of D-module Ai, i = l, n. Let 

CB = {^B i : i € /} 
he basis of D-module B. The set 

/i = { h[f ^ Ai X ... X An —^ B'j i ^ T ^ ii ^ 1%^ 7 = 1,..., 74 , 

is the basis of D-module C{D; Ai x ... x An —>■ B). 

Proof. 

Lemma 4.4.6. Maps are linear independent. 

Proof. Let there exist H-numbers ^ such that 

Then for any set of indices ..., 

0 = o {ei.j^,...,en.jj = 

Therefore, ct • = 0. The lemma follows from the definition 4.1.8. © 

' J1 •••J n 


of maps 

Proof. For any Ai-number ai 

(4.4.7) 

..., for any T„-number a„ 

(4.4.8) 
the equality 

o(ai,..., 

(4.4.9) 


follows from equalities (4.4.6), (4.4.7), (4.4.8) and from the theorem 4.2.2. The 
equality 

^ / o (oi, ...,a„) = / o (a^^ei.jq, ..., a^"e„.j„) 

= aiL..a^"/o (ei.jy...e„.j„) 

follows from equalities (4.4.7), (4.4.8). Since 

/ ° (®i ji ^ ^ 

then 

(4-4.11) / o {ei.j^...en.jj = f],...j„ei 


€C{D-, 

Ai 

X ... 

X An 

—^ B) is 

linear 

■ ai 






ai = 

af 

^l-ii 




Qn — 

in 

^n-in 




= 

■-o(aj^ 


..., a^Cn.j, 

J 

= afL. 

■^n 


..i„ Q 

(ei.ji ,..., e 

’T'-jn)) 

= a^L. 

r 

■^n 

'Sf.. 

AfcB.i 

J n 


= al\. 

■^n 

GB-i 
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The equality 
(4.4.12) 


/ o (oi,..., an) = 

= ° (ai,...,a„) 


follows from equalities (4.4.9), (4.4.10), (4.4.11). The equality 

f = f? . 

follows from equalities (4.3.2), (4.3.10), (4.4.12). © 

The theorem follows from lemmas 4.4.6, 4.4.7 and from the definition 4.1.10. □ 

Theorem 4.4.8. Let Ai, A„, B he free modules over commutative ring D. 
D-module C{D]Ai x ... x An —^ B) is free D-module. 

Proof. The theorem follows from the theorem 4.4.5. □ 

4.5. Tensor Product of H-Modules 
Theorem 4.5.1. The commutative ring D is Abelian multiplicative Ll-group. 
Proof. Let the product o in the ring D be defined according to rule 

aoh = ab 

Since the product in the ring is distributive over addition, the theorem follows from 
definitions 3.1.5, 3.1.8. □ 


Theorem 4 . 5 . 2 . There exists tensor product Ai 
Ax, An- 


I An of D-modules 


Proof. The theorem follows from the definition 4.1.2 and from theorems 3.3.5, 
4.5.1. □ 

Theorem 4.5.3. Let D be the commutative ring. Let Ai, An he D-modules. 
Tensor product is distributive over sum 

ai © ... © {at + bi) © ... © a„ 

(4.5.1) = oi © ... © Oi © ... © a„ + ai © ... © 6^ © ... © a„ 

ai,bi G Ai 

The representation of the ring D in tensor product is defined by equality 
ai © ... © (coi) © ... © a„ = c(ai © ... © © ... © a„) 

Oi G Ai c G D 


(4.5.2) 


Proof. The equality (4.5.1) follows from the equality (3.3.23). The equality 

(4.5.2) follows from the equality (3.3.24). □ 

Theorem 4.5.4. Let Ai, ..., An he modules over commutative ring D. Let 
f '. Ai X ... X An —y Ai © ... © An 
be polylinear map defined by the equality 

(4.5.3) / o (di, ...,(i„) = di © ... © 

Let 


g : Ai X ... X An —> V 


4.5. Tensor Product of D-Modules 
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be polylinear map into D-module V. There exists a linear map 

h (^ ... (^ Aji —^ V 

such that the diagram 

(4.5.4) Ai^...(g,An 



is commutative. The map h is defined by the equality 

(4.5.5) h{ai ( 8 >... ( 8 > a„) = g(ai,..., a„) 

Proof. The theorem follows from the theorem 3.3.10 and from definitions 

4.2.1, 4.3.1. □ 

Theorem 4.5.5. The map 

(Wl, ...,Vn) e Vi X ... X Vn ^ Vi ® ... (g) G Pi ® ... ® Vn 
is polylinear map. 

Proof. The theorem follows from the theorem 3.3.9 and from the definition 

4.3.1. □ 

Theorem 4.5.6. Tensor product Ai^...^ An of free finite dimensional modules 
Ai, ..., An over the commutative ring D is free finite dimensional module. 

Let Ci be the basis of module Ai over ring D. We can represent any tensor 
a G (g)... 0 An in the following form 

(4.5.6) a = ® ® 

Expression is called standard component of tensor. 

Prooe. Vector ai G Ai has expansion 

k— 

di = (Xj^ ^i-k 

relative to basis e^. From equalities (4.5.1), (4.5.2), it follows 
oi 0 ... 0 a„ = 0 ... 0 e„.i„ 

Since set of tensors ai 0 ... 0 a„ is the generating set of module Ai 0 ... 0 A„, then 
we can write tensor a G Ai 0 ... 0 An in form 

(4.5.7) 

where a^, ds-'^ € F. Let 


d — d ds-i 




Then equality (4.5.7) has form (4.5.6). 

Therefore, set of tensors ei.i^ 0 ... 0 e„.i„ is the generating set of module 
Ai 0 ... 0 An. Since the dimension of module i = 1, ..., n, is finite, then the set 
of tensors ei-i^ 0 ... 0 e„.i„ is finite. Therefore, the set of tensors ei.j^ 0 ... 0 en.i„ 
contains a basis of module Ai 0...0 A„, and the module Ai 0...0 A„ is free module 
over the ring D. □ 




CHAPTER 5 


D-Algebra 


5.1. Algebra over Commutative Ring 

Definition 5.1.1. Let D be eommutative ring. D-module A is called algebra 
over ring D or D-algebra, if we defined product^ in A 

(5.1.1) vw = Co{v,w) 

where C is bilinear map 

C :AxA^A 

If A is free D-module, then A is ealled free algebra over ring D. □ 

Theorem 5.1.2. The multiplication in the algebra A is distributive over addi¬ 
tion. 

Proof. The statement of the theorem follows from the chain of equations 
(a + b)c = / o (a + 6, c) = / o (a, c) + / o (6, c) = ac + be 
a(b + c) = / o (a, 6 + c) = / o (a, 5) + / o (a, c) = ab -\- ac 

□ 

The multiplication in algebra can be neither commutative nor associative. Fol¬ 
lowing definitions are based on definitions given in [10], p. 13. 

Definition 5.1.3. The commutator 

[a, b] = ah — ba 

measures commutativity in D-algebra A. D-algebra A is called commutative, if 


Definition 5.1.4. The associator 
(5.1.2) {a,b, c) = {ab)c — a{bc) 

measures associativity in D-algebra A. D-algebra A is called associative, if 


follow the definition given in [10], p. 1, [8], p. 4. The statement which is true for any D- 
module, is true also for D-algebra. 
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5. D-Algebra 


Theorem 5.1.5. Let A be algebra over commutative ring D. 

(5.1.3) a(6, c, d) + (a, 6, c)d = (a6, c, d) — (a, &c, d) + (a, b, cd) 
for any a, b, c, d G A. 

Proof. The equation (5.1.3) follows from the chain of equations 
a{b, c, d) + (a, b, c)d = a{{bc)d — b{cd)) + ((ab)c — a(bc))d 

= a((bc)d) — a(b(cd)) + ((ab)c)d — (a(bc))d 
= ((ab)c)d — (ab)(cd) + (ab)(cd) 

+ a((bc)d) — a(b(cd)) — (a(bc))d 

= {ab, c, d) — {a{bc))d + a{{bc)d) + {ab){cd) — a{b{cd)) 

= {ab, c, d) — (a, (be), d) + (a, b, cd) 

□ 

Definition 5.1.6. The set^-^ 

N{A) = {a G A : V6, c € A, (a, b, c) = {b, a, c) = {b, c, a) = 0} 
is called the nucleus of an D-algebra A. □ 

Definition 5.1.7. The set^'^ 

Z{A) = {a G T : a e N{A),Vb €A,ab = ba} 
is called the center of an D-algebra A. □ 

Theorem 5.1.8. Let D be commutative ring. If D-algebra A has unit, then 
there exits an isomorphism f of the ring D into the center of the algebra A. 

Proof. Let e G A he the unit of the algebra A. Then f o a = ae. □ 

Let e be the basis of free algebra A over ring D. If algebra A has unit, then we 
assume that eo is the unit of algebra A. 

Theorem 5.1.9. Lete be the basis of free algebra A over ring D. Let 

a = alci b = b^Ci a,b G A 

We can get the product of a, b according to rule 

(5.1.4) (a6)'“ = 

where are structural constants of algebra A over ring D. The product of 

basis vectors in the algebra A is defined according to rule 

(5.1.5) CiCj = C^jCk 

Proof. The equation (5.1.5) is corollary of the statement that e is the basis 
of the algebra A. Since the product in the algebra is a bilinear map, then we can 
write the product of a and b as 

(5.1.6) ab = afbPeiej 

^■^The statement of the theorem is based on the equation [10]-(2.4). 

^■^The definition is based on the similar definition in [10], p. 13 
*^’^The definition is based on the similar definition in [10], p. 14 
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From equations (5.1.5), (5.1.6), it follows that 


ab = 


r<p _ r^p 


(5.1.7) 

Since e is a basis of the algebra A, then the equation (5.1.4) follows from the 
equation (5.1.7). □ 

Theorem 5.1.10. Since the algebra A is commutative, then 

(5.1.8) 

Since the algebra A is associative, then 

(5.1.9) = 

Proof. For commutative algebra, the equation (5.1.8) follows from equation 

G-iGj — GjC-'i 

For associative algebra, the equation (5.1.9) follows from equation 

(^eiCj^efi — eil^CjCts') 


□ 


Proof. 


Theorem 5.1.11. The representation 

(5.1.10) f2,3:A-*^A 

of D-module A in D-module A is equivalent to structure of D-algebra A. 

3F. 

Let the structure of H-algebra A defined in U-module A, be generated by 
product 

VW = C o (v,w) 

According to definitions 5.1.1 and 4.3.1, left shift of H-module A de¬ 
fined by equation 

(5.1.11) Iov-.wGA^vwGA 

is linear map. According to the definition 4.2.1, the map l(v) is endomor¬ 
phism of H-module A. 

The equation 

(5.1.12) (I O (m + V 2 )) o W = {vi -\- V 2 )w = ViW -\- V 2 U) = {I O Ui) OW-\-{lo V 2 ) O w 

follows from the definition 4.3.1 and from the equation (5.1.11). Ac¬ 
cording to the theorem 4.2.3, the equation 

(5.1.13) I O (vi -\- V 2 ) = I O Vi I O V 2 
follows from equation (5.1.12). The equation 

(5.1.14) (/ o {dv)) ow = {dv)w = d{vw) = d{{l ov) ow) 

follows from the definition 4.3.1 and from the equation (5.1.11). Accord¬ 
ing to the theorem 4.2.3, the equation 

(5.1.15) I o (dv) = d{l o v) 

follows from equation (5.1.14). From equations (5.1.13), (5.1.15), it follows 
that the map 


/ 2.3 --v^lov 
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(5.1.17) 


is the representation of H-module A in H-module A 

(5.1.16) /2,3 0 V : w ^ {I o v) o w 

• Consider the representation (5.1.10) of H-module A in H-module A. Since 
map / 2,3 o r; is endomorphism of H-module A, then 

(/2,3 O v){wi + W 2 ) = (/2,3 Ov)oWi + (/2,3 O v) O W 2 
(/ 2,3 ov)o (dw) = d((/ 2,3 ov)ow) 

Since the map (5.1.10) is linear map 

/2,3 : A —>■ A; Ad) 

then, according to theorems 4.2.3, 4.2.4, 

(5.1.18) {,f23o{vi+V2))oW = {f2,30Vl+f2,30V2){w) = (/2,3 ) O W + (/2,3 O'y2 ) O W 

(5.1.19) (/ 2,3 O (dv)) o W = {d (/ 2,3 ov)) ow = d {{f 2,3 ov) ow) 

From equations (5.1.17), (5.1.18), (5.1.19) and the definition 4.3.1, it fol¬ 
lows that the map / 2,3 is bilinear map. Therefore, the map / 2,3 determines 
the product in H-module A according to rule 

VW = (/2,3 Ov)ow 

□ 

Corollary 5.1.12. D is commutative ring, A is Abelian group. The diagram 
of representations 


91,2 92,3 . 

D —*— 5 =- A —A 


(5.1.20) 


91,2 


B 


gi, 2 (d) : v->- dv 
92 , 3 (v) : w —>■ C o (v,w) 

Ce £(B;A^ A) 


generates the structure of D-algebra A. 

5.2. Linear Homomorphism 
Theorem 5.2.1. Let diagram of representations 

gi i, 2 {d) : dv 


□ 


„ 91 1,2 91 2,3 , 

JJi —*— A.I —*—>■ A.I 


(5.2.1) 


911.2 gi. 2 , 3 {v) : w ^ Cl o (v,w) 


Di 


Cl G £(Bi; Af —>■ Ai) 


describe Di-algebra Ai. Let diagram of representations 

921,2id) :v^dv 


921,2 52 - 2,3 . 

JJ 2 —*— A.2 - *—>■ A.2 


(5.2.2) 


92 - 1,2 92-2,3{v) ■■ W ^ C 2 O {v, w) 


D 2 


C2 G C{D 2 ', A2 —>■ A2) 


describe D2-algebra A2. Morphism of Di-algebra Ai into D2-algebra A2 is tuple of 
maps 

ri : Di —s- B2 r 2 ■ Ai —>■ A2 
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where the map r\ is homomorphim of ring Di into ring D 2 and the map r 2 is linear 
map of Di-algebra Ai into D 2 -algebra A 2 such that 

(5.2.3) r2{ab) = r2(a)r2{b) 

Proof. According to the equation [4]-(4.2.3), morphism (ri,7’2) of represen¬ 
tation /i ,2 satisfies to the equation 


(5.2.4) 


r2{fi-i,2{d){a)) = f2-i,2{ri{d)){r2{a)) 

r2{da) = ri{d)r2{a) 

Therefore, the map (?’i,r 2 ) is linear map. 

According to equations [4]-(4.2.3), the morphism (r 2 ,r 2 ) of representation / 2,3 
satisfies to the equation® ® 

(5.2.5) ?’2(/l.2,3(a2)(a3)) = /2.2,3(»’2(a2))(?'2(a3)) 

From equations (5.2.5), (5.2.1), (5.2.2), it follows that 

(5.2.6) r 2 {Ci{v,w)) = C 2 {r 2 {v),r 2 {w)) 

Equation (5.2.3) follows from equations (5.2.6), (5.1.1). □ 

Definition 5.2.2. The morphism of representations of Di-algebra Ai into D 2 - 
algebra A 2 is called linear homomorphism of Di-algebra Ai into D 2 -algebra 
A2. □ 

Theorem 5.2.3. Letei be the basis of Di-algebra Ai. Lete 2 be the basis of 
D 2 -algebra A 2 . Then linear homomorphism^'^ (Ti,r 2 ) of Di-algebra Ai into D 2 - 
algebra A 2 has presentation^''^ 

(5.2.7) b = e 2 **r 2 **ri(a) = e 2 .ir 2 .*ri(a'^) 

(5.2.8) 5 = r2**ri(a) 
relative to selected bases. Here 

• a is coordinate matrix of vector a relative the basis ei. 

• b is coordinate matrix of vector 

b = r 2 {a) 

relative the basis 62 . 

• r 2 is coordinate matrix of set of vectors (r 2 (ei.i)) relative the basis 62 - 
The matrix r 2 is called matrix of linear homomorphism relative bases 
Cl and 62 . 

Proof. Vector a € Ai has expansion 

d = 

relative to the basis ei. Vector b G A 2 has expansion 

(5.2.9) b = e 2 %b 


^■^Since in diagrams of representations (5.2.1), (5.2.2), supports of Q 2 -algebra and fls-algebra 
coincide, then morphisms of representations on levels 2 and 3 coincide also. 

^■^This theorem is similar to the theorem [3J-5.4.3. 

^■^We define product of matrices over commutative ring only as **-product. However, I prefer to 
explicitly specify the operation, because in such case we see that this is expression with matrices. 
In addition, I expect to consider similar statement in non commutative case. 
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relative to the basis 62 - 

Since (ri,r 2 ) is a linear homomorphism, then from (5.2.4), it follows that 

(5.2.10) b = r2(a) = r2(ei**a) = r2(ei)**ri(a) 


where 


ri(a) = 


^ri(a^)^ 


?' 2 (ei.i) is also a vector of U-module A 2 and has expansion 

(5.2.11) C 2 (ei.i) = e 2 **r 2 .i = e2.j r2.l 

relative to basis 62 . Combining (5.2.10) and (5.2.11) we get (5.2.7). (5.2.8) follows 
from comparison of (5.2.9) and (5.2.7) and theorem [3J-5.3.3. □ 

Theorem 5.2.4. Letei be the basis of Di-k-algebra Ai. Let 62 be the basis of 
D 2 *-algebra T 2 . If the map ri is injection, then there is relation between the matrix 
of linear homomorphism and structural constants 

(5.2.12) r^ir.iCjj) = C2.\,^r2.^r2.] 


Proof. Let 

a,b ^ Ai a = eiAa b = eiAb 
From equations (5.1.4), (5.1.1), (5.2.1), it follows that 

(5.2.13) ab = ei.kC^.^a^V 
From equations (5.2.4), (5.2.13), it follows that 

(5.2.14) r2{ab) = r2{ei.k)ri{Ci.’lja^bi) 

Since the map ri is homomorphism of rings, then from equation (5.2.14), it follows 
that 

(5.2.15) r2{ab) = r2{ei.k)ri{C^.^j)ri{a^)ri{b>) 

From the theorem 5.2.3 and the equation (5.2.15), it follows that 

(5.2.16) r2{ab) = e2-ir2.iri{Cj^.ij)ri{a'^)ri{lr>) 

From the equation (5.2.3) and the theorem 5.2.3, it follows that 

(5.2.17) r2iab) = r2(a)r2(b) = e 2 .p ri(a^)r' 2 .fe 2 .q ri( 6 ^)r 2 .^ 

From equations (5.1.4), (5.1.1), (5.2.2), (5.2.17), it follows that 

(5.2.18) r2(ab) = € 2-1 C2.pgri(a'^)r2.fri(b^)r2.] 

From equations (5.2.16), (5.2.18), it follows that 

(5.2.19) e2.jr2.iri(C'i..^j)ri(a")r-i(5J) = € 2-1 C2.pgri{a^)r2.^ri{V)r2.] 

The equation (5.2.12) follows from the equation (5.2.19), because vectors of basis 
62 are linear independent, and a*, b'^ (and therefore, ri(a*), ri( 6 *)) are arbitrary 
values. □ 
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5.3. Linear Automorphism of Quaternion Algebra 


Determining of coordinates of linear automorphism is not a simple task. In 
this section we consider example of nontrivial linear automorphism of quaternion 
algebra. 

Theorem 5.3.1. Coordinates of linear automorphism of quaternion algebra 
satisfy to the system of equations 


(5.3.1) 


— /p2„3 _ 

'l— '^2'3 •2’ 3 

- r^r| 


ri = r^r^ - r^r 


' 2 '3 


— ,»^2™3 „3„2 

' 2 — '3'^! ' 3' 1 

o 1 ^ 

^2 = ^3^1 - ^3U 


= r^rl - r^r 


3' 1 


9^1 rp^rp^ /p3/p2 

'3— ^ 1'2 2 

o 1 ^ 

^3 = ^ 1^2 -^ 1^2 


- r^r. 


1' 2 


Proof. According to the theorems [5J-4.3.1, 5.2.4, linear automorphism of 
quaternion algebra satisfies to equations 


(5.3.2) 


rl — rPrIr’- 
'1 “ 'O'l'^pq 

_ „Pr<lpl 
'0 — 'I'l'-'pq 

_D _ rPr’^r'' 

'3 — ' 2 ' 1 '~^pq 

rl — rPr'^n'- 
'2 — '3' I'-^pq 

From the equation (5.3.2), it follows that 


'0 “ 'o'o'-'pq 

rl — rPr‘>C^ 
'1 — 'I'o'-'pq 

'2 — ' 2 'o'^pq 

rl — rPr'^C^ 
'3 — ” 3 '0*-^pq 


— ' 0 ' 2 '^pq 


a — rPr^r^ 

'3 — ' 0 ' 3 '^pq 

_ „Pr<lpl 
P 2 — Pl^S^pq 


j-l — rPr'^Cf 
'3 — ' 1'2'-^p. 

Pq — " 2 ' 2 '-"j 

_D _ rPr^pl _D _ rPj-apl 

'1 “ ” 3 '2*-^pq '0 — ”3'3*-^pq 


I — W 
0 — ' 2 ' a'-' pq 


r-l — ^Pr-lrl — r-Pr-l 
'1 ~ 'Om’-^pq — ' 2 ' 3 

(5.3.3) r' = 

rk = r^ortCl^ = rfr^2 


(-tl 

^pq 

' O’ 1 ^pq 

II 

013 

MiQ 

"i 

CaSiQ 

II 

' 2 ' 3 '^qp 

^pq 

' O' 2'^pq 

— '0'2'-^qp 

rpPrpfinl — 
'3'l^pq ~ 

_j.Pj.Qrji 
' 1 ' 3 '^pq 

fyl 

^pq 

' o' 3^ pq 

— 'o'3^qp 

rpPrpqnl — 

' 1 ' 2^pq ~ 

_j.Pj.<ini 
' 1 ' 2 ^ qp 


(5.3.4) r' = 

If I = 0, then from the equation 

^pq — ^qp 


it follows that 

(5.3.5) 

From the equation (5.3.3) for Z = 0 and the equation (5.3.5), it follows that 

(5.3.6) r° = r° = r° = 0 


rPr 1 C° =r^r‘lC° 

z ' j^pq % ' 3^qp 
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If 1 = 1, 2, 3, then we can write the equation (5.3.3) in the following form 

, b a/~il 

—^O^i '-'10 + + ^o'i'-'ab + ^O^i '^ba. 

r^rfClo + ryA + + r^rfC^ 

— _1_„0 I „a b^i , b a^l 

— ^O^i '^01 + + ^O^i'-'ba + "O^i '-'ab 

i = 1,2,3 

rl =ry.C^oi + rlryio + 

ryCl^ + ryCla + + r^r-C^ 

'-'ab 


(5.3.7) 


— ! u'A^ir\ • Uf A^r\i 


' k' 3^10 

i = 1 
i = 2 
i = 3 
0 < a < b 


'k'j^ba 

k = 2 j = 3 
k = 3 j = l 
k = l j = 2 
a^l b^l 


b/'-il „b„ai^l 


From equations (5.3.7), (5.3.6) and equations 
(5.3.8) 


Cqj — C'jQ — 1 


C l _ /^l 

ab — ^ba 


it follows that 


(5.3.9) 


„l — „0 J I „a„br'il _ b„a/-il 
—^0^i+ ^0 '-'ab '-'ab 

^0 1 I a br-il _ b ar^l 
+ ^0 '-'ab '-'ab 

— r'^r' — r°-r''r'' 4- 

— "O^i 'O'i'-'ab^^O'i'-'ab 


2 = 1,2,3 


_ „a„b/"il 

— '^k^j'-'ab 

„a„bril 

'k'j'-'ab 

_ „a„br'il 

— '^k '-'ab 

2=1 

'k'j '-'ab 

b„ar-il 
' k' j '-'ab 

„b„ar-il 
'^k^j '-'ab 

k = 2 

2 = 2 

k = 3 

2 = 3 

k = l 

0 < a < b 

a, ^ 1 
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From equations (5.3.9) it follows that 


(5.3.10) 




_ n 


i = 1,2,3 


b„a(-<l 

^k^j'-'ab ^k^j'-'ab 


i = 1 

k = 2 

J = 3 

i = 2 

k = 3 

f = 1 

i = 3 

k = l 

j = 2 

0 < a < b a ^ 1 

b^l 


From the equation (5.3.10) it follows that 
(5.3.11) r° = 1 

From the equation (5.3.4) for Z = 0, it follows that 


— 'O'O 'O'n • n' n 'n'l 


'O'O 


O'O 


'O'O 


(5.3.12) 


_ — ^>97*9 -I- rlT*! -I- T*?/*? 

1. t. ' 'i t. ' 1. 1. 


z = 1,2,3 


From equations (5.3.6), (5.3.10), (5.3.12), it follows that 


(5.3.13) 


0 =r^rj +r^rg +rgrg 

1 = T’lr’l -I- -I- T’?7’? 

% % ' % % ' % % 

i =1,2,3 


From equations (5.3.13) it follows that®® 

(5.3.14) = r® = 0 

From the equation (5.3.4) for Z > 0, it follows that 


= r^orSC^lo + 'ryoCh + + rorS^t 


O' O^Oi 


ba 


(5.3.15) 


_ „a„b/^l „b a/^l 

— ~Vi '-'10 ~ ^i'-'ol ~ '^ab ~ '-'ba 


i > 0 

I > 0 0 < a < b a ^ I b ^ I 


® ®Here, we rely on the fact that quaternion algebra is defined over real field. If we consider 
quaternion algebra over complex field, then the equation (5.3.13) defines a cone in the complex 
space. Correspondingly, we have wider choice of coordinates of linear automorphism. 
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Equations (5.3.15) are identically true by equations (5.3.6), (5.3.14), (5.3.8). From 
equations (5.3.14), (5.3.10), it follows that 


(5.3.16) 


— 'k'j^ab ’ k' j '^ab 

i = 1 

k = 2 

3=3 

i = 2 

k = 3 

i = 1 

i = 3 

k = l 

3 = 2 

1 > 0 

0 < a < b 

a 


Equations (5.3.1) follow from equations (5.3.16). 
Example 5.3.2. It is evident that coordinates 


□ 


r* = 5 ’^- 

3 ^3 

satisfy the equation (5.3.1). It can be verified directly that coordinates of map 
’’ 0=1 rl = l ri = 1 rf = 1 

also satisfy the equation (5.3.1). The matrix of coordinates of this map has form 

A 0 0 \ 

0 0 10 
0 0 0 1 
0 1 0 oy 


According to the theorem [5]-4-3.4, standard components of the map r have form 


II 

O 

o 

1 

■ 4 

^11 ^ 

1 

4 

bO 

II 

1 

4 

CO 

00 

,10 _ 

1 

4 

II 

H 

o 

1 

' 4 

CO 

bO 

II 

1 

4 

^23 ^ 

,20 _ 

1 

4 

II 

H 

CO 

1 

4 

o 

bo 

II 

1 

■ 4 

^13 ^ 

,30 _ 

1 

A 

II 

H 

1 

A 

^12 ^ 

1 

A 

^03 


Therefore, the map r has form 

r(a) = a° + a^i + a^j + a^k 

r(a) = — (a — iai — jaj — kak — ia + ai — kaj — jak 
—ja — kai + aj — iak — ka — jai — iaj + ak) 


□ 





CHAPTER 6 


Linear Map of Algebra 

6.1. Linear Map of Algebra 

Definition 6.1.1. Let Ai and A 2 be algebras over ring D. The linear map of 
the D-module Ai into the D-module A 2 is called linear map of D-algebra Ai into 
D-algebra A 2 . Let us denote C{D]Ai A 2 ) set of linear maps of D-algebra Ai 
into D-algebra A 2 . □ 

Definition 6.1.2. Let Ai, An, S be D-algebras. Polylinear map 

f : Ai X ... X An S 

of D-modules Ai, An into D-module S is called polylinear map of D-algebras 
Ai, An into D-algebra S. Let us denote C{D; Ai x ... x A„ — >• S) set of polylin¬ 
ear maps of D-algebras Ai, into D-algebra S. Let us denote C{D; A” S) 

set of n-linear maps of D-algebra A (Ai = ... = A„ = A) into D-algebra S. □ 

Theorem 6.1.3. Tensor product Ai 0 ... 0 An of D-algebras Ai, An is D- 
algebra. 

Proof. According to the definition 5.1.1 and to the theorem 4.5.2, tensor 
product Ai 0 ... 0 An of D-algebras Ai, ..., An is D-module. 

Consider the map 

(6.1.1) * : (Ai X ... X An) X (Ai x ... x A„) -> Ai 0 ... 0 An 
defined by the equation 

( 6 . 1 . 2 ) (oi, ...,a„) + ( 61 , ...,bn) = {aibi) 0 ... 0 {onbn) 

For given values of variables 61 , ..., bn, the map (6.1.1) is polylinear map with 
respect to variables oi, ..., a„. According to the theorem 4.5.4, there exists a linear 
map 

(6.1.3) * ( 61 ,..., bn) : Ai 0 ... 0 An ^ Ai0 ... 0 An 
defined by the equation 

(6.1.4) (oi (g)... (g) On) * ( 61 ,..., bn) = {aibi) 0 ... 0 (a„ 6 „) 

Since we can present any tensor a S Ai (g)... (g> A„ as sum of tensors oi 0 ... 0 an, 
then, for given tensor a G Ai (g) ... (g) A„ , the map (6.1.3) is polylinear map of 
variables 61 , ..., 6 „. According to the theorem 4.5.4, there exists a linear map 

(6.1.5) * (a) : Ai 0 ... 0 A„ ->■ Ai ® ... 0 A„ 
defined by the equation 

( 6 . 1 . 6 ) (tti 0 ... 0 a„) * (61 0 ... 0 bn) = {aibi) 0 ... 0 (a„5„) 
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Therefore, the equation (6.1.6) defines bilinear map 

(6.1.7) * : (Ai (g) ... (g An) X {Ax g ... g An) g ... g An 

Bilinear map (6.1.7) generates the product in H-module Ai g ... g An- □ 


In case of tensor product of H-algebras Ai, A 2 we consider product defined by 
the equation 

( 6 . 1 . 8 ) (oi g 02 ) o {bi g 62 ) = (ai&i) ® ( 6202 ) 

Theorem 6.1.4. Letci be the basis of the algebra Ai over the ring D. Let 
he structural constants of the algebra Ai relative the basis Ci. Structural constants 


of the tensor product Ai g 
(6.1.9) C 


) An relative to the basis ei-i 


have form 


...Zr 


_ 31 




Proof. Direct multiplication of tensors ei.. 


has form 


( 6 . 1 . 10 ) 


(ei.fei g ... g e„.fc„)(ei.ti ® ® e„.j„) 

— i^l-k±^l-l±) ^ ••• ^ i^n-kn^n-ln) 




According to the definition of structural constants 


(6.1.11) (ei. 


fci 


> ^n kn)(£l-ll ® ® Cn-ln) — Ck\..jr„ h...l.n.i^^ A 


J 


The equation (6.1.9) follows from comparison (6.1.10), (6.1.11). 

From the chain of equations 

(«! g ... g a„)(6i g ... g bn) 

= (ai"ei.fci g ... g a^"e„.fc„)(6i^ei.q g ... g b’-^Cn-in) 

=aib..a^"6iF..&^”(ei.fci g ... ®en-kn)^i-ii ® ••• ®en-in.) 

g ... g Cn j^) 

=a’l\..atb[\X-Cx.i\i^ ...Cnilijex.j, g ... g e„.,-J 
= g ... g {cin'^b’'nCn-^if^i^en jn) 

= {aibi) g ... g {Onbn) 

it follows that definition of product (6.1.11) with structural constants (6.1.9) agreed 
with the definition of product (6.1.6). □ 


Theorem 6.1.5. For tensors a, b & Ai ® ... g An, standard components of 
product satisfy to equation 

( 6 . 1 . 12 ) {aby^-^- = 

Proof. According to the definition 

(6.1.13) ab = (a6)^^"’^"'ei.ji ® ® e„.j„ 
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At the same time 


(6.1.14) 


ab= 


' ^n-k- 


bki 


. .^kr, 


ei-Zi 


’ ^n-ln 




...fc„ 


C 






-nj-n 


The equation (6.1.12) follows from equations (6.1.13), (6.1.14). 


□ 


Theorem 6.1.6. If the algebra Ai, i= I, n, is associative, then the tensor 
product Ai (8)... 0 An is associative algebra. 


Proof. Since 

((^-l-il ^ ® ) (^1' Jl ® ^ )) (^1‘fcl ® “• ^ ^n-kn.') 

-((^1-il ^1-Jl ) ^ ® )) ® ^ ^n-kn) 

— ((^1-il ^1-Jl )^1-A:i ) ^ ^ ) 

— (^1-il (^1-Jl ^1-fcl )) ^ ^ )) 

=(ei.ji 0 ... ® e„.i„)((ei.jqei.fcJ 0 ... 0 (ei.j„ei.fc„)) 

- (^1-il ^ ® ® '*• ^ ^ 

then 

{ab)c 

((^l-ii ^ ^ 0 ... 0 ^n-jn)) i^^'ki ^ ® ^n-kn) 

(^^l-il ^ ^ ^ ■*■ ® ^ ■*■ ^ ^'n.'kn)') 

=a{bc) 

□ 


Theorem 6.1.7. Let A be algebra over commutative ring D. There exists a 
linear map 

h:a®b£A®A^ab€A 

Proof. The theorem is corollary of the definition 5.1.1 and the theorem 4.5.4. 


□ 


Theorem 6.1.8. Let map 

/ : Ai —>■ A 2 

be linear map of D-algebra Ai into D-algebra A 2 . Then maps af, fb, a, b G A 2 , 
defined by equations 

{af)ox = a{fox) 

{fb)ox = if ox)b 

are linear. 
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Proof. Statement of theorem follows from chains of equations 
(a/) o{x + y)= a{f o {x + yj) = a{f o x + f o y) = a{f o x) + a(/ o y) 

= (af) OX + (af) o y 

(a/) o (px) = a{f o (px)) = ap{f o x) = pa{f o x) 

= p{{af) ox) 

{fb) o{x + y) = {f o{x + y))h = {f o x + f o y) b = {f o x)b + {f o y)b 
= (fb) OX + {fb)oy 
{fb) o (px) = (/ o {px))b = p{f o x)b 
= p{{fb)ox) 

□ 


6.2. Algebra £(£); A —A) 

Theorem 6.2.1. Let A, B, C he algebras over commutative ring D. Let f be 
linear map from D-algebra A into D-algebra B. Let g be linear map from D-algebra 
B into D-algebra C. The map g o f defined by diagram 

(6.2.1) B 

f \ a 


A- 


g°f 


C 


is linear map from D-algebra A into D-algebra C. 

Proof. The proof of the theorem follows from chains of equations 
{go f)o{a + b)=go{f o{a + b))=go{f oa + f ob) 

= go{f oa)+go{f oh) = {go f)oa + {go f)ob 
{go f)o (pa) =go{f o (pa)) = g o {p f o a) = p g o {f o a) 

= P {go f)o a 


□ 


Theorem 6.2.2. Let A, B, C he algebras over the commutative ring D. Let f 
he a linear map from D-algebra A into D-algebra B. The map f generates a linear 
map 

(6.2.2) f* ■_g^c{D-,B^C)^gofeC{D-,A^C) 


( 6 . 2 . 3 ) 


B 
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Proof. The proof of the theorem follows from chains of equations®'^ 
((51 + 52 ) o /) o a = (51 + 32 ) o (/ o a) = 51 o (/ o a) + 32 o (/ o a) 
= (51 o /) o a + (32 o /) o a 
= (51 ° / + 52 o /) o a 

{{pg) o f)oa= (pg) o (/ o a) = p 3 o (/ o a) = p (3 o /) o a 
= ipig°f))°a 


□ 


Theorem 6.2.3. Let A, B, C be algebras over the commutative ring D. Let g 
be a linear map from D-algebra B into D-algebra C. The map 3 generates a linear 
map 

(6.2.6) 3* : / e A^B)^gofe C{D; A^C) 


(6.2.7) 


B 



C 


Proof. The proof of the theorem follows from chains of equations®'^ 

(5 o (/i + / 2 )) 00 = 30 ((/i + / 2 ) o a) = 3 o (/i o a + /2 o a) 

= 3 o (/i o a) + 3 o (/2 o a) = (3 o /i) o a + (3 o / 2 ) o a 
= (5 ° /i + 5 o / 2 ) o a 

(3 o {Pf)) 00 = 30 ((p/) o o) = 3 o (p (/ o o)) = p 3 o (/ o o) 

= P {go f)oa= {p{g o f))oa 


□ 


Theorem 6.2.4. Let A, B, C be algebras over the commutative ring D. The 

map 

(6.2.10) o : ( 3 , /) G C{D] B ^C)x C{D- A^B)^gof€ C{D- A ^ C) 
is bilinear map. 

Proof. The theorem follows from theorems 6.2.2, 6.2.3. □ 


®'^We use following definitions of operations over maps 

(6.2.4) {f + g)oa = foa + goa 

(6.2.5) {pf)oa = pfoa 


®'^We use following definitions of operations over maps 

(6.2.8) (f-^g)oa = foa-\-goa 

( 6 . 2 . 9 ) {pf)oa = pfoa 
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Theorem 6.2.5. Let A be algebra over commutative ring D. D-module C{D] A 
A) equiped by product 

(6.2.11) o : {g, f) e C{D- A^ A)^ C{D; A^A)^gofe C{D; A ^ A) 


A 



is algebra over D. 

Proof. The theorem follows from definition 5.1.1 and theorem 6.2.4. □ 

6.3. Linear Map into Associative Algebra 

Theorem 6.3.1. Consider D-algebras Ai and A 2 . For given map / € 
C{D]Ai —>■ A 2 ), the map 

g : A 2 X A 2 —>■ Ai —^ A 2 ) 

g{a,b) o f = afb 

is bilinear map. 

Proof. The statement of theorem follows from chains of equations 
((oi + 02 ) fb) o X = (oi + 02 ) f o X b = ai f o x b + 02 f o x b 
= {aifb) o X + ( 02 / 6 ) o X = (aifb + 02 / 6 ) o x 
{{pa)fb) o X = (pa) f o x b = p(a f o x b) = p((afb) o x) = (p(afb)) o x 
(af(bi + 52 )) o X = a f o X (bi + b 2 ) = a f o X bi + a f o X b 2 
= (a/61) o X + (a/62) O X = (a/61 + a/62) O X 
(af(pb)) o X = a f o X (pb) = p(a f o x b) = p((afb) o x) = (p(afb)) o x 

□ 

Theorem 6.3.2. Consider D-algebras Ai and A 2 . For given map f € 
C{D]Ai A2), there exists linear map 

h : A 2 ^ A 2 —)■ C(D‘^ Ai —y A 2 ) 

defined by the equation 

(6.3.1) (a 0 6) o / = a/6 

Proof. The statement of the theorem is corollary of theorems 4.5.4, 6.3.1. □ 

Theorem 6.3.3. Consider D-algebras Ai and A2. Let us define product in 
algebra A 2 0 A 2 according to rule 

(6.3.2) (c 0 d) o (a 0 6) = (ca) 0 (bd) 

A linear map 

(6.3.3) h-.A2®A2^*C(D-Ai^A2) 
defined by the equation 

(6.3.4) (a0 6)o/ = a/6 a,6 s A 2 / S £(11);Ai ^ A 2 ) 
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is representation^'^ of algebra A 2 <E> A 2 in module C{D'^Ai —>• ^ 2 )- 

Proof. According to theorem 6.1.8, map (6.3.4) is transformation of module 
£(£>; Ai A 2 ). For a given tensor c G A 2 0 4 I 2 , a transformation h{c) is a linear 
transformation of module C{D-, Ai —>■ A 2 ), because 

((« 0 6) o (/i + / 2 )) ox= (a(fi + f 2 )b) ox = a((/i + / 2 ) o x)b 

= a(/i OX + f 2 0 x)b = a(/i o x)b + a (/2 o x)b 
= (afib) OX + (a/ 2 &) o x 
= {a ® b) o fi o X -\- {a ® b) o f 2 o x 
= {{a 0 6) o /i + (a 0 6) o / 2 ) o x 
((a 0 &) o (pf)) ox= {a{pf)b) ox = a{{pf) o x)b 
= a(p f o x)b = pa{f o x)b 
= p {afb) o X = p ((a 0 &) o /) o x 
= (p((a 0 b) o f)) o X 

According to theorem 6.3.2, map (6.3.4) is linear map. 

Let / G jC(D; Ai —)• A 2 ), a 0 b, c0 d € A 20 A 2 . According to the theorem 
6.3.2 

(a 0 6) o / = afb G C{D] Ai —>• A 2 ) 

Therefore, according to the theorem 6.3.2 

{c0 d) o ((a 0 b) o f) = c{afb)d 
Since the product in algebra A 2 is associative, then 

(c 0 d) o ((a 0 b) o f) = c{afb)d = {ca)f{bd) = {ca 0bd) o f 

Therefore, since we define the product in algebra A 2 0 A 2 according to equation 
(6.3.2), then the map (6.3.3) is morphism of algebras. According to the definition 
[4J-2.1.2, map (6.3.4) is a representation of the algebra A 2 0 A 2 in the module 
Ai —y A2). fH 

Theorem 6.3.4. Consider D-algebra A. Let us define product in algebra A0 A 
according to rule (6.3.2). A representation of algebra A0 A 

(6.3.5) h: A0 A^*C{D',A^ A) 
in module C{D',A —>■ A) defined by the equation 

(6.3.6) {a0b)of = afb a,b G A f€C{D;A^A) 

allows us to identify tensor d € A 0 A and map d o S G C{D; A —>■ A) where 
5 G C{D', A —>■ A) is identity map. 

Proof. According to the theorem 6.3.2, the map / G £(I1; A —>■ A) and the 
tensor d G A 0 A generate the map 

(6.3.7) X ^ [do f) o X 

If we assume f = S, d = a0b, then the equation (6.3.7) gets form 

(6.3.8) ((a 0 b) o S) o X = {aSb) ox = a{Sox)b = axb 

®'^See the definition of representation of 0-algebra in the definition [4]-2.1.2. 
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If we assume 

(6.3.9) ((a 0 6) o (5) o a; = (a (E) b) o (S o x) = (a 0 b) o x 

then comparison of equations (6.3.8) and (6.3.9) gives a basis to identify the action 
of the tensor a 0 6 and transformation {a0b) o S. □ 

From the theorem 6.3.4, it follows that we can consider the map (6.3.4) as the 
product of maps a 0 6 and /. The tensor a G ^2 0 ^2 is nonsingular, if there 
exists the tensor 6 G ^42 0 ^2 such that a ob = 1 0 1. 

Definition 6.3.5. Consider^the representation of algebra A 2 0 A 2 in the 
module £(D; —>• ^ 2 ). The set 

{A 2 0 A 2 ) of = {g = dof: dGA 2 0 A 2 } 
is called orbit of linear map / G C{D-,Ai —>• A 2 ). □ 

Theorem 6.3.6. Consider D-algebra Ai and associative D-algebra A 2 . Con¬ 
sider the representation of algebra A 2 0 A 2 in the module C{D; Ai \ 2 I 2 ). The map 

h I A;i —y .A 2 

generated by the map 

f '■ A\ ^ A 2 

has form 

(6.3.10) h = {os-o 0 Os.i) o / = as-ofas-i 
Proof. We can represent any tensor a € A 2 0 A 2 in the form 

a = Ug-o 0 Us-i 

According to the theorem 6.3.3, the map (6.3.4) is linear. This proofs the statement 
of the theorem. □ 

Theorem 6.3.7. Let A 2 be algebra with unit e. Let a € A 2 0 A 2 be a 
nonsingular tensor. Orbits of linear maps f G C{D; Ai —>■ A 2 ) and g = a o f 
coincide 

(6.3.11) {A 20 A 2 ) o f = {A 20 A 2 ) o g 

Proof. If G {A 2 0 A 2 ) O g, then there exists b G A 2 0 A 2 such that 
h = bo g. In that case 

(6.3.12) h = b o (a o f) = (b o a) o f 
Therefore, h G (A 2 0 A 2 ) o /, 

(6.3.13) {A 2 0 A 2 ) o g c {A 2 0 A 2 ) o f 
Since a is nonsingular tensor, then 

(6.3.14) f = a~^og 

If G {A 2 0 A 2 ) o /, then there exists b € A 2 0 A 2 such that 

(6.3.15) h = b o f 
From equations (6.3.14), (6.3.15), it follows that 

h = bo [a~^ o g) = [bo a~^) o g 

®'^The definition is made by analogy with the definition [4]-3.1.8. 
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Therefore, h G {A 2 ® A 2 ) o g, 

(6.3.16) {A 2 ® A 2 ) o f c {A 2 ® A 2 ) o g 

(6.3.11) follows from equations (6.3.13), (6.3.16). □ 

From the theorem 6.3.7, it also follows that if g = a o f and a € A 2 ® A 2 
is a singular tensor, then relationship (6.3.13) is true. However, the main result 
of the theorem 6.3.7 is that the representations of the algebra A 2 ® A 2 in module 
C{D;Ai — A 2 ) generates an equivalence in the module C{D;Ai A 2 ). If we 
successfully choose the representatives of each equivalence class, then the resulting 
set will be generating set of considered representation. 

6.4. Linear Map into Fhee Finite Dimensional Associative Algebra 

Theorem 6.4.1. Let Ai be free D-module. Let A 2 be free finite dimensional 
associative D-algebra. Let e be basis of D module A 2 . Let L be the basis of left 
A 2 ® A2-module £(Z1; Ai —>■ A 2 ). ® ® 

6 .4.1.1: The map 

/ : Ai —>• A2 

has the following expansion 

(6.4.1) f = foIk 
where 

= /" £412 0^2 

6 .4.1.2: The map f has the standard representation 

(6.4.2) / = f'^-^i{ei ® Cj) o 4 = 

Proof. Since L is the basis of left A 2 0 A 2 -module C{D-,Ai —> A 2 ), then 
according to the definition [4J-2.7.1 and the theorem 4.1.4, there exists expansion 

(6.4.3) f = foLk f^&A2®A2 

of the linear map / with respect to the basis /. According to the definition (3.3.20), 

(6.4.4) = 

The equality (6.4.1) follows from equalities (6.4.3), (6.4.4). According to theorem 
4.5.6, the standard representation of the tensor has form 

(6.4.5) 0 e,. 

The equation (6.4.2) follows from equations (6.4.1), (6.4.5). □ 

^■^Generating set of representation is defined in definition [4J-2.6.5. 

® ® If D-module Ai or D-module A 2 is not free D-nodule, then we may consider the set 
I = {/fc G C.{D] A\ — y A 2 ) '■ k = 1,..., n} 
of linear independent linear maps. The theorem is true for any linear map 

/ : ^1 4I2 

generated by the set of linear maps I. 
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Theorem 6.4.2. Let Ai be free D-module. Let A 2 be free associative D-algebra. 
Let I he the basis of left A 2 ( 8 > A 2 -module C{D; Ai —>■ A 2 ). For any map Ik S I, 
there exists set of linear maps 

'. Ai Ai —^ A2 0 A2 

of D-module Ai ® Ai into D-module A 2 ® A 2 such that 

(6.4.6) Ik o a o X = {ll o a) o L o X 
The map /(, is called conjugation transformation. 

Proof. According to the theorem 6.2.1, for any tensor a G Ai (g) Ai, the map 

(6.4.7) X ^ Ik o a o X 

is linear. According to the statement 6 .4.1.1, there exists expansion 

(6.4.8) Ik o a o X = b^ o Ii o X 6 * G A 2 X A 2 
Let 

(6.4.9) b^ =llo a 

The equality (6.4.6) follows from equalities (6.4.8), (6.4.9). From equalities 
(/[ o (m + 02 )) o Ii o X = Ik o {ai -\- 02 ) o X 

= Ik o ai o X -\- Ik o 02 o X 
= {ll O Oi) O /; o a; + (/(, o ai) o Ii o x 

{ll o (da)) o ll o X = Ik o (da) o x = Ik o {d{a o a;)) 

= d{Ik oao x) = d{{ll o a) o ll o x) 

= {d{ll o a)) o ll o X 

it follows that the map /(, is linear map. □ 

Theorem 6.4.3. Let Ai be free D-module. Let A 2 , A 2 be free associative D- 
algebras. Let I he the basis of left A 2 ® A 2 -module C{D; Ai A 2 ). Let J he the 
basis of left A 3 ( 8 ) A^-module C{D\ A 2 —> A 3 ). 

6 .4.3.1: The set of maps 

(6.4.10) ^ = {Kik : Kik = Ji o 4, h G 7, h G 7} 

is the basis of left A 3 0 A^-module C{D; Ai —A 2 —>■ A 3 ). 

6 .4.3.2: Let 

(6.4.11) f = f^oIk 
be expansion of linear map 

/ : Ai —>■ A2 

with respect to the basis I. Let 

(6.4.12) g = g'oJi 
be expansion of linear map 


g : A 2 —>■ A 3 


6.4. Linear Map into Free Finite Dimensional Associative Algebra 
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with respect to the basis J. Then linear map 


(6.4.13) 

0 

II 


has expansion 

(6.4.14) 

0 

II 


with respect to the basis K where 

(6.4.15) 

= 9^ °{Jt°j 


Proof. The equality 

(6.4.16) hoa = gofoa = g^oJiof^oIf^oa 
follows from equalities (6.4.11), (6.4.12), (6.4.13). The equality 

ho a = q o f o a = o (J/" o f^) o o o a 

(6.4.17) , ' / 

= 9 ° {Jr ° f ) ° Kmk o a 

follows from equalities (6.4.10), (6.4.16) and from the theorem 6.4.2. From the 
equality (6.4.17) it follows that set of maps K generates left A 3 (g) ^ 3 -module 
£(£>; Ai A 2 —>■ A 3 ). From the equality 

= {^'^ o Ji) o Ik =0 


it follows that 

and, therefore, = 0 . 
C{D\ Ai —>■ A 2 —>■ A 3 ). 


o J; = 0 

Therefore, the set K is the basis of left A 3 (g) A 3 -module 

□ 


Theorem 6.4.4. Let A he free associative D-algebra. Let left A ig) A-module 
C{D; A —i> A) is generated by the identity map Iq = S. Let 

(6.4.18) f = Uo(S>fs.i 

be expansion of linear map 

f:A^A 

Let 


(6.4.19) 

be expansion of linear map 

Then linear map 

(6.4.20) 

has expansion 

(6.4.21) 
where 

(6.4.22) 


g = gt-o®gti 


g-.A^A 
h = go f 


h — hts-o ^ hts-i 

hts-o = gtofso 
hts-i = fs-igt-i 
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(6.4.23) 


Proof. The equality 

hoa=gofoa 

= (fft-o ® 5 m) o ifs O ® fs-i) o a 
= (5t-o ® 5 m) ° ifs oafs i) 

= 5t-o/soa/s.i5M 

follows from equalities (6.4.18), (6.4.19), (6.4.20). The equality (6.4.22) follows 
from the equality (6.4.23). □ 

Theorem 6.4.5. Let ei be basis of the free finite dimensional D-module Ai. 
Let 62 he basis of the free finite dimensional associative D-algebra ^ 2 - Let 
be structural constants of algebra A 2 . Let I be the basis of left A 2 ( 8 > A 2 -module 
C{D; Ai — A 2 ) and be coordinates of map Lk with respect to bases ei and 62 - 

Coordinates fj^ of the map f G C{D;Ai —^ A 2 ) and its standard components 
fkxj connected by the equation 

(6.4.24) ft = 

Proof. Relative to bases ei and 62 , linear maps / and Lk have form 


(6.4.25) 

(6.4.26) 

The equality 


f ox = f]x^e 2 .i 
Ikox = Ik.]x^e2- 


(6.4.27) 


^ C2-m^2-j 


ftx^e2.k = f'^^e2.il, 

follows from equalities (6.4.2), (6.4.25), (6.4.26). Since vectors 62 . fc are linear inde¬ 
pendent and are arbitrary, then the equation (6.4.24) follows from the equation 

(6.4.27). □ 


Theorem 6.4.6. Let D be field. Letei be basis of the free finite dimensional 
D-algebra Ai. Let 62 be basis of the free finite dimensional associative D-algebra 
A 2 . Let C 2 ki be structural constants of algebra A 2 . Consider matrix 

(6.4.28) B = (Ct-ij) = (C2.L.C'2.^,.) 

whose rows and columns are indexed by tn (^nd .ij , respectively. Lf matrix B is 
nonsingular, then, for given coordinates of linear transformation g\, and for map 
f = S , the system of linear equations (6.4.24) with standard components of this 
transformation g^^ has the unique solution. 

If matrix B is singular, then the equation 

(6.4.29) rank 5^) = I'^nkC 

is the condition for the existence of solutions of the system of linear equations 
(6.4.24). In such case the system of linear equations (6.4.24) has infinitely many 
solutions and there exists linear dependence between values 5 ^. 


Proof. The statement of the theorem is corollary of the theory of linear equa¬ 
tions over field. □ 


6.4. Linear Map into Free Finite Dimensional Associative Algebra 
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Theorem 6.4.7. Let A be free finite dimensional associative algebra over the 
field D. Let e be the basis of the algebra A over the field D. Let be structural 
constants of algebra A. Let matrix (6.4.28) be singular. Let the linear map f € 
C{D; A A) be nonsingular. If coordinates of linear transformations f and g 
satisfy to the equation 

(6.4.30) rank < 7 ^ /^) = rankC 

then the system of linear equations 

(6.4.31) gjf = 
has infinitely many solutions. 

Proof. According to the equation (6.4.30) and the theorem 6.4.6, the system 
of linear equations 

(6.4.32) ft = relate 

has infinitely many solutions corresponding to linear map 

(6.4.33) f = rei®ej 

According to the equation (6.4.30) and the theorem 6.4.6, the system of linear 
equations 

(6.4.34) gt = 

has infinitely many solutions corresponding to linear map 

(6.4.35) g = g^^Ci ®ej 

Maps / and g are generated by the map 5. According to the theorem 6.3.7, the 
map / generates the map g. This proves the statement of the theorem. □ 

Theorem 6.4.8. Let A be free finite dimensional associative algebra over the 
field D. The representation of algebra A ( 8 ) A m algebra C{D; A —A) has finite 

basis I. 

6 .4.8.1: The linear map f € C{D\A —>■ A) has form 

(6.4.36) f — (Ufc.s^.o 0 ^ hk — ^ ^ a}z.sk-Qlk^k.Sk.^ 

h 

6 .4. 8 .2: Its standard representation has form 

(6.4.37) / = a^""^{ei ® Cj) o h = af""^^eilkej 


Proof. From the theorem 6.4.7, it follows that if matrix B is singular and the 
map / satisfies to the equation 

(6.4.38) rank(c-^.ij /^) = rankC 

then the map / generates the same set of maps that is generated by the map 5. 
Therefore, to build the basis of representation of the algebra A (8 A in the module 
C{D] A —>■ A), we must perform the following construction. 

The set of solutions of system of equations (6.4.31) generates a free submodule 
C of the module C{D\ A —A). We build the basis (hi,..., h}f) of the submodule 
C. Then we supplement this basis by linearly independent vectors h^+i, ..., hm, 
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that do not belong to the submodule £ so that the set of vectors hi, hm forms a 
basis of the module £{D;Ai A 2 ). The set of orbits (A(g)A)o5, {A® A)ohk+i, 
(A ® A) o hm generates the module C{D-,A A). Since the set of orbits is 
finite, we can choose the orbits so that they do not intersect. For each orbit we can 
choose a representative which generates the orbit. □ 


Example 6.4.9. For complex field, the algebra C{R',C —> C) has basis 

Iq o z = z 
Ii o z = z 

For quaternion algebra, the algebra C{R; FI —> H) has basis 

In o z = z 


□ 


6.5. Linear Map into Nonassociative Algebra 

Since the product is nonassociative, we may assume that action oi a, b G A 
over the map / may have form either a{fb), or {af)b. However this assumption 
leads us to a rather complex structure of the linear map. To better understand how 
complex the structure of the linear map, we begin by considering the left and right 
shifts in nonassociative algebra. 

Theorem 6.5.1. Let 

(6.5.1) l[a) o X = ax 
be map of left shift. Then 

(6.5.2) l{a) o l{h) = l{ab) — (a, b)i 
where we introduced linear map 

(a, b)i o X = (a, b, x) 

Proof. From the equations (5.1.2), (6.5.1), it follows that 
{l{a) o 1(b)) o X = 1(a) o (fib) o x) 

(6.5.3) = a(bx) = (ab)x — (a,b,x) 

= fiab) o X — (a, b)i o x 

The equation (6.5.2) follows from equation (6.5.3). □ 

Theorem 6.5.2. Let 

(6.5.4) r(a) o x = xa 
be map of right shift. Then 

(6.5.5) r(a) o r(b) = r(ba) + (b, 0)2 
where we introduced linear map 

(b, 0)2 o X = (x, b, a) 


6.5. Linear Map into Nonassociative Algebra 
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Proof. From the equations (5.1.2), (6.5.4) it follows that 
(r(a) o r{b)) o x = r{a) o {r(b) o x) 

(6.5.6) = (x 6 )a = x{ba) + {x, b, a) 

= r(ba) o X + (x, b, a) 

The equation (6.5.5) follows from equation (6.5.6). □ 

Let 

f : A f = {ax)b 

be linear map of the algebra A. According to the theorem 6.1.8, the map 


g: A^ A g = {cf)d 

is also a linear map. However, it is not obvious whether we can write the map g as 
a sum of terms of type {ax)b and a{xb). 

If A is free finite dimensional algebra, then we can assume that the linear map 
has the standard representation like 

(6.5.8) fox = P^ {eix)ej 

In this case we can use the theorem 6.4.8 for maps into nonassociative algebra. 

Theorem 6.5.3. Let ei be basis of the free finite dimensional D-algebra Ai. 
Let 62 be basis of the free finite dimensional nonassociative D-algebra A 2 . Let C 2 -^i 
be structural constants of algebra A 2 ■ Let the map 

(6.5.9) g = aof 

generated by the map f G C{D;Ai —>■ A 2 ) through the tensor a € A 2 ® A 2 , has 
the standard representation 

(6.5.10) g = ®ej)of = a‘"^{eif )ej 

Coordinates of the map (6.5.9) and its standard components are connected by the 
equation 

(6.5.11) = fr9'^C2.^rr.C2.^pj 

Proof. Relative to bases ei and 62 , linear maps / and g have form 

(6.5.12) fox = f]x^e2i 

(6.5.13) g o X = gja~'e 2 .i 
From equations (6.5.12), (6.5.13), (6.5.10) it follows that 


(6.5.14) 


gjfx''e2k= (e2.i(//"a;'e2.m))e2. 


= a'vr 


^"C'2.L,C2 


pj 


j 

e2fc 


6.7 


The choice is arbitrary. We may consider the standard representation like 


f ox = f^^aixej) 

Then the equation (6.5.11) has form 
( 6 . 5 . 7 ) = 

I chose the expression (6.5.8) because order of the factors corresponds to the order chosen in the 
theorem 6.4.8. 
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Since vectors e 2 k £^re linear independent and x® are arbitrary, then the equation 
(6.5.11) follows from the equation (6.5.14). □ 

Theorem 6.5.4. Let A be free finite dimensional nonassociative algebra over 
the ring D. The representation of algebra A ® A in algebra C{D] A —^ A) has 
finite basis I. 

(1) The linear map f S C{D]A — ^ A) has form 

(6.5.15) f — (uk-sk-O ^ ^fc-sfc-l) ^ 

(2) Its standard representation has form 

(6.5.16) / = {ei ® e^-) o 4 = {eih)ej 

Proof. Consider matrix (6.4.28). If matrix B is nonsingular, then, for given 
coordinates of linear transformation gl, and for map f = S , the system of linear 
equations (6.5.11) with standard components of this transformation has the 
unique solution. If matrix B is singular, then according to the theorem 6.4.8 there 
exists finite basis I generating the set of linear maps. □ 

Unlike the case of an associative algebra, the set of generators I in the theorem 
6.5.4 is not minimal. From the equation (6.5.2) it follows that the equation (6.3.12) 
does not hold. Therefore, orbits of maps 4 do not generate an equivalence relation 
in the algebra L{A\A). Since we consider only maps like {alk)b, then it is possible 
that for k ^ I the map Ik generates the map L , if we consider all possible operations 
in the algebra A. Therefore, the set of generators 4 of nonassociative algebra A 
does not play such a critical role as conjugation in complex field. The answer to 
the question of how important it is the map 4 in nonassociative algebra requires 
additional research. 

6.6. Polylinear Map into Associative Algebra 
Theorem 6.6.1. Let Ai, ..., A„, A be associative D-algebras. Let 
fi (z T{D\ Ai A) i = 1 ,..., n 

Uj G A j = 0,..., n 

For given transposition a of n variables, the map 

((ao, ...,a„,cr) o (/l,...,/n)) o 

(6.6.1) = (aocr(/i)ai...a„_iCT(/„)a„) o (xi,..., Xn) 

= aocr(/i o a;i)ai...a„_icr(/„ o a;„)a„ 
is n-linear map into algebra A. 


6.6. Polylinear Map into Associative Algebra 
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Proof. The statement of theorem follows from chains of equations 
((oo, ...,a„,cr) o (/i, o + yi, ...,Xn) 

=aoa{fi oxi)ai...a{fi o {x^ + o a;„)a„ 

=aoo-(/i o Xl)al...a{f^ o x^ + f^ o yi)...an-ia{f„ o Xn)an 
=aocr(/i o xi)ai...cr{f^ o a;j)...a„_i(T(/„ oa;„)a„ 

+aoo-(/i oxi)ai...a{fi o y^)...an-icr{fn oa;„)a„ 

( (^0 j •••: ^ if It •'•t fri)^ ® t '-'t ^n) 

+ ((ao,...,a„,(T) o (/i,o {xi,...,yi,...,Xr,) 

((ao,...,a„,cr) o (/i,...,/n)) o (xi, 

=aoa{fi oxl)al...a{f^ o {pxi))...an-ia{fn o a;„)a„ 

=ao(T(/i oxi)ai...a{p{f^ o x^))...an-i(r{fn o Xn)an 
=p(aocr(/i oa;i)ai...cr(/j o a;i)...a„_i(7(/„ oa;„)a„) 

=p(((ao,...,a„,cr) o (/i,o 

□ 

In the equation (6.6.1), as well as in other expressions of polylinear map, we 
have convention that map fi has variable Xi as argument. 

Theorem 6.6.2. Let Ai, An, A be associative D-algebras. For given set of 
maps 

fi S Ai —>■ A) i = 1 ,..., n 

the map 

h : C{D;Ai x ... x An ^ A) 

defined by equation 

(uq , ..., On t O') O )fi^...^fn) — OQCT(^fi )o,i ...an—lO'(^fn)an 

is n + 1-linear map into D-module C{D',Ai x ... x —>■ A). 

Proof. The statement of theorem follows from chains of equations 
((ao, ...,ai + ...a„,cr) o (/i, ...,/„)) o (n,..., a:„) 

=Q.o‘^(/l ® Xi)ni... + bi)...an—lO'(^fn O Xn)an 

=aocr(/i oa:i)ai...ai...a„_icr(/„ o a;„)a„ + aocr(/i o a:i)ai...6i...a„_icr(/„ oa;„)a„ 

— ((^0; •••, Oi, ..., (t) O (/i, ..., /n)) O (xi, ..., 

+((ao, ...,6z, ...,a„,cr) o (/i,...,/„)) o (xi,..., a;„) 

=((ao,...,ai,...,a„,cr) o (/i,...,/„) + (oo,..., &i,..., a^, ct) o (/i,...,/„)) o (xi,...,Xn) 
((oo, ...,pai, ...a„,(T) o (/!,...,/„)) o (xi,...,x„) 

=aocr(/i oa:i)ai...pai...a„_icr(/„ ox„)a„ 

=p(aocr(/i oxi)ai...ai...a„_icr(/„ o a;„)a„) 

=p(((ao,...,ai,...,a„,cr) o (/i,...,/„)) o (xi,...,a:„)) 

=(p((ao,...,ai,...,a„,CT) o (/i,...,/„))) o (xi,...,Xn) 

□ 
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Theorem 6.6.3. Let Ai, An, A he associative D-algebras. For given set of 
maps 

fi G Ai A) i = 1 ,..., n 

there exists linear map 

h : xSn^ C{D- Ai X ... xAn^A) 

defined by the equation 

^ (ao ® ... (8)a„,(T) o {fi,...,fn) = (ao,...,a„,cr) o (/i,...,/„) 

(6.6.2) 

= aocr(/i)ai...a„_i(T(/„)a„ 

Prooe. The statement of the theorem is corollary of theorems 4.5.4, 6.6.2. □ 

Theorem 6.6.4. Let Ai, An, A be associative D-algebras. For given tensor 
a G and given transposition a € Sn the map 

n 

h : C{D] Ai^ A) ^ C{D-, Ai x ... x An ^ A) 

i=l 

defined by equation 

{ao ® ... ®an,<7) o (/i,...,/„) = aocr(/i)ai...a„_icr(/„)a„ 
is n-linear map into D-module C{D', Ai x ... x An —>■ A). 

Proof. The statement of theorem follows from chains of equations 
((oo ® ... (8>a„,CT) o (/i, ...,fi + 5 i, ...,/„)) o (xi, ...,Xn) 
=iaocr{fi)ai...a{fi + gi)...a„_icr(/„)a„) o (xi, ...,Xn) 

=aocr(/i o xi)ai...CT((/i + gi) o Xi)...an-icr{fn o x„)a„ 

=aoo-(/i oxi)ai...cr(/i o Xi + o Xi)...a„_icr(/„ o x„)a„ 

=U0(t(/i O Xi')ai...(T{fi O Xi)...an—l(r{fn o Xn)an 

+aoa{fi o xi)ai...a{gi o Xi)...a„_i(T(/„ o x„)a„ 
=(aoo-(/i)ai...cr(/j)...a„_itT(/„)a„) o (xi, ...,x„) 
+{aocr{fi)ai...(T{gi)...an-i<j{fn)an) o (xi, ...,x„) 

=((ao ® ... ® an, cr) o (/i,..., fi ,..., /„)) o (xi,..., x„) 

+((ao (8)... ® an,cr) o (/i, ...,gi,fn)) o (xi, ...,x„) 

=((ao ® ... ® an, cr) o (/i,..., fi,..., fn) 

+(ao 0 ... 0 an, a) o (/i, ...,g^, ...,/„)) o (xi, ...,x„) 

((ao 0 ... 0 an, a) o (fi, ...,pfi, ...,/„)) o (xi, ...,x„) 

=(aoo-(fi)ai, ...cr(p/i)...a„_icr(/„)a„) o (xi, ...,x„) 

=aoa(fi oxi)ai,...a((pfi) o Xi)...a„_i(T(/„ ox„)a„ 

=aoa(fi oxl)al,...a(p(f^ o Xi))...a„_i(T(/„ ox„)a„ 

=p(aoa(fi o xi)ai, ...a(f^ o Xi)...an-\(j(fn o a:„)a„) 

=p(((ao 0 ... 0 a„, cr) o (/i,..., fi,..., fn)) o (xi, ...,x„)) 

=(p((ao 0 0 an,cr) o (fi,fi, ...,/„))) o (xi, ...,x„) 


6.6. Polylinear Map into Associative Algebra 
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□ 

Theorem 6.6.5. LetAi, An, A be associative D-algebras. For given tensor 
a G and given transposition a G Sn there exists linear map 

h : C{D- Ai ^ A)® ... ® £{D; An ^ A) ^ C{D\ Ai x ... x An ^ A) 
defined by the equation 

(6.6.3) (oo 0 ... 0 a„,cr) o (/i 0 ... 0 /„) = (oq 0 ... 0 a„,cr) o (/i, ...,/„) 

Proof. The statement of the theorem is corollary of theorems 4.5.4, 6.6.4. □ 

Theorem 6.6.6. Let A be associative D-algebra. Polylinear map 

(6.6.4) f : A^ ^ A,a = f o {ai, ...,an) 
generated by maps Ig-i, ..., Is n G C{D; A ^ A) has form 

(6.6.5) a = /”o asils-i o ai) /"i ... (Tsils-n o a„) 
where Og is a transposition of set of variables {ai,...,a„} 

( Q>1 ... (Xn I 

as{ai) ... cFs{an)j 

Proof. We prove statement by induction on n. 

When n = 1 the statement of theorem follows from the statement 6.4.8.1. In 
such case we may identify ® ® 

flp = fs-p P = 0,1 

Let statement of theorem be true for n = fc — 1. Then it is possible to represent 
map (6.6.4) as 



a — f o ((Zi,...,nfc) — {9 ^ OLif) o (n^,..., 0 ^— 1 ) 

According to statement of induction polylinear map h has form 

R — ° Ri) * *■* ° Rfc—1) h^ j^_.^ 

According to construction h = g o Ok- Therefore, expressions ht-p are functions of 
Ofc. Since g o Ok is linear map of a^, then only one expression hf.p is linear map of 
Ofc, and rest expressions ht-q do not depend on Ok- 

® ®In representation (6.6.5) we will use following rules. 

• If range of any index is set consisting of one element, then we will omit corresponding 
index. 

• If n = 1, then as is identical transformation. We will not show such transformation in 
the expression. 
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Without loss of generality, assume p = 0. According to the equation (6.3.10) 
for given t 

uk—1 T 

^t-0 ~ 9tr-0 ^k-r ^ Qtr-l 

Assume s = tr. Let us define transposition CTs according to rule 


Suppose 


(7 s — 


Qk ai ... ak-i 

ak crt(ai) ... crt(afc-i) 


fk _ uk-l 

J tr-q+l — "‘t-q 


q = 1 


ftr q ~ 9tr-q 9 — 0 ; 1 

We proved step of induction. 


□ 


Definition 6.6.7. Expression fs-p^ m egwatiou (6.6.5) is caZ/ed component 
of polylinear map /. □ 

Theorem 6.6.8. Consider D-algebras A. A linear map 
h : xSn^ *C{D; A” ^ A) 

defined by the equation 


( 6 . 6 . 6 ) 


(oo ® ... 0 a„, cr) o (/i (g)... 0 /„) = aocr(/i)ai...a„_icr(/„)a„ 
flo, ..., On € A a € Sn fl, ..., fn G ^{D; An —>■ A) 


is representation^'^ of algebra x S'" in D-module C{D',A'^ —)• A). 

Proof. According to the theorems 6.4.8, 6.6.6, we can represent n-linear map 
as sum of terms (6.6.1), where fi, i = 1, ..., n, are generators of representation 
(6.3.3). Let us write the term s of the expression (6.6.5) as 


(6.6.7) 

where 

bi 

Let us assume 


bia{Ii.s O Xi)cib2...Cn-lbn(j{In.s O Xn)Cn 
flo b 2 =... = bn = e Cl = fl^ ... Cn = fin 

h = cr~^{b^)Ii.sa~^{ci) i = l,...,n 


in equation (6.6.7). Therefore, according to theorem 6.6.3, map (6.6.6) is trans¬ 
formation of module C{D;A^ A). For a given tensor c G and given 

transposition cr G S„, a transformation h{c,a) is a linear transformation of module 
C{D; A” A) according to the theorem 6.6.5. According to the theorem 6.6.3, 
map (6.6.6) is linear map. According to the definition [4J-2.1.2, map (6.6.6) is a 
representation of the algebra A®"+^ x S" in the module jC{D; A" —>■ A). □ 


Theorem 6.6.9. Consider D-algebra A. A representation 
h : A®"+i xSn^ *C{D- A" A) 

of algebra A'^"+^ in module C(D\A^ A) defined by the equation (6.6.6) allows 
us to identify tensor d G A®"^^ and transposition a G with map 


(6.6.8) (d,a)o (/!,...,/„) f^ = SGC{D;A^A) 


®'®See the definition of representation of fi-algebra in the definition [4]-2.1.2. 
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where 6 S C{D\A —>■ A) is identity map. 

Proof. If we assume fi = S, d = ao ... 0 a„ in the equation (6.6.2), then 
the equation ( 6 . 6 . 2 ) gets form 

((“0 ® ® a„,cr) O ((5,..., S)) O {xi,...,Xn) = ao (Jo xi) ... (J o Xn) a„ 

(6.6.9) 

= do 3^1 Xji Qjji 

If we assume 

((ao ® ... ® a„, a) o (J,..., J)) o (xi,..., x„) 

( 6 . 6 . 10 ) =(ao®...®a„ , ct) o (J O Xi, ..., 5 o Xn) 

= (ao 0 ... 0 a„, a) o (xi,..., x„) 

then comparison of equations (6.6.9) and (6.6.10) gives a basis to identify the action 
of the tensor d = ao 0 ... 0 a„ and transposition cr S S'" with map ( 6 . 6 . 8 ). □ 

Instead of notation (ao 0 ...a„,cr), we also use notation 

Uo 0 o'(l) 0 cr(n) Rn 

when we want to show order of arguments in expression. For instance, the following 
expressions are equivalent 

(ao 0 ai 0 02 0 03 , (2,1, 3)) o (xi,X 2 ,X 3 ) = 00 X 201 X 102 X 303 
(oo 02 Oi 01 02 03 03 ) o (xi,X 2 ,X 3 ) = 00 X 203 X 102 X 303 


6.7. Polylinear Map into Free Finite Dimensional Associative Algebra 


Theorem 6.7.1. Let A be free finite dimensional associative algebra over the 
ring D. Let L be basis of algebra C{D\ A ^ A). Let e he the basis of the algebra A 
over the ring D. Standard representation of polylinear map into associative 
algebra has form 

(6.7.1) / o (oi,..., a„) = o-i(4'i o oi) Cii ... crt(4„ o ««) 

Index t enumerates every possible transpositions at of the set of variables {oi,..., a„}. 
Expression in equation (6.7.1) is called standard component of poly¬ 

linear map /. 


Proof. We change index s in the equation (6.6.5) so as to group the terms 
with the same set of generators 4. Expression (6.6.5) gets form 

(6.7.2) O = f ki...k„.s.O f^s(4i s O Ol) f ki...kn.s.l ■■■ <^s{Ikn-s O On) f ki...k„.s.n 
We assume that the index s takes values depending on A:i, ..., kn. Components of 
polylinear map / have expansion 

(6-7.3) fL..k„.s.p = eift..k„.s.p 

relative to basis e. If we substitute (6.7.3) into (6.6.5), we get 


(6.7.4) a = ej, a,{Ik^oai) fk^fk„.s.i 

Let us consider expression 


{_^kn ^ ^n) 


-cnjn 

^ k\...kn-s-n 




(6.7.5) 


£3o-“3Tt _ rnjx rnjr^ 

Jt-kx...kn ki...kn.-s-0 "'Jk\...kn‘S-n 
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6. Linear Map of Algebra 


The right-hand side is supposed to be the sum of the terms with the index s, for 
which the transposition as is the same. Each such sum has a unique index t. If we 
substitute expression (6.7.5) into equation (6.7.4) we get equation (6.7.1). □ 

Theorem 6.7.2. Let A be free finite dimensional associative algebra over the 
ring D. Lete be the basis of the algebra A over the ring D. Polylinear map (6.6.4) 
can be represented as D-valued form of degree n over ring 

(6.7.6) /(ai,...,a„) = 

where 


(6.7.7) 


a, = CiO" 




Proof. According to the definition 6.1.2, the equation (6.7.6) follows from the 
chain of equations 

/o (ai,...,a„) = /o (ei^a|\...,ei„a^”) = of ...a^"/ o (ci^ ,..., ei„) 

Let e' be another basis. Let 

(6.7.8) e'i = ejhl 

be transformation, map basis e into basis e!. From equations (6.7.8) and (6.7.7) it 
follows 


(6.7.9) 


= Hl-hlZfA-jr. 


□ 


Polylinear map (6.6.4) is symmetric, if 

/ o (oi, ...,a„) = fo (cr(ai),...,cr(a„)) 
for any transposition a of set {ai,..., a„}. 

Theorem 6.7.3. If polyadditive map f is symmetric, then 

(6.7.10) U, . 

Proof. Equation (6.7.10) follows from equation 

® (®l5 ®ra) 

=/o(cr(ai),...,cr(a„)) 

/cr(ii)...cr(i„) 


□ 


6.10 


We proved the theorem by analogy with theorem in [2], p. 107, 108 
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Polylinear map (6.6.4) is skew symmetric, if 

/ o (oi, ...,a„) = |cr|/ o ((7(ai), ...,cr(a„)) 
for any transposition a of set {ai,..., a„}. Here 

{ 1 transposition a even 
— 1 transposition cr odd 

Theorem 6.7.4. If polylinear map f is skew symmetric, then 

(6-7.11) fi^ . 

Proof. Equation (6.7.11) follows from equation 
a*E..a*"/ii...i„ =/o(ai,...,a„) 

= |cr|/o((7(ai),...,cr(a„)) 

•■•On" l'^l/o-(ii)...cr(i„) 

□ 


Theorem 6.7.5. Let A be free finite dimensional associative algebra over the 
ring D. Let I he basis of algebra C{D',A —>■ A). Let e be the basis of the algebra 
A over the ring D. Let polylinear over ring D map f he generated by set of maps 
(/fej,...,/fc„). Coordinates of the map f and its components relative basis e satisfy 
to the equation 


(6.7.12) 

(6.7.13) 


£ _ r jl r jn^k^ rykn Wn. 

fP _ 




3n. ^kl ^kn 




Proof. In equation (6.7.1), we assume 

Iki ^ ai — a^ 

Then equation (6.7.1) gets form 
(6.7.14) 

/o (ai,...,a„) = /tXcX eioCrt(aXfci-qejJei,...crt(a(r7fc„.f”ej„)ei„ 

= a’-f -^k^-lZeioatiej^ )ei,...at(ejjei 

_ „h fio-'-i-n. T 31 T jnriki 

— “l ■■■an •" ^ioCTt(ji)^feiii 


^ln-l<TtUn)^kn.i- 




From equation (6.7.6) it follows that 

(6.7.15) /o(ai,...,a„) = ep/? ... ■^a|E..a;" 

Equation (6.7.12) follows from comparison of equations (6.7.14) and (6.7.6). Equa¬ 
tion (6.7.13) follows from comparison of equations (6.7.14) and (6.7.15). □ 
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AHHOTAqH5i. Mo^jib - 3TO 34>4)eKTHBHoe npe^cxaBJiCHHe KOJiBii;a b a6ejie- 
Boii rpynne. JlHHeHHoe OTo6pa»ceHHe MO^iyjiH Ha;], KOMMyxaTHBHBiM kojibi];om - 
3TO Mop4>H3M cooTBeTCTByioni;ero npe;i;cTaBJieHHH. 3 to onpe;i;ejieHHe HBJiHeTca 
i];eHTpajiBHOH tcmoh npe;],jiaraeMOH khhfh. 

Hto6bi paccMOTpcTB 3TO onpe;],ejieHHe c 6ojiee o6ni;eH tohkh speHHH, b 
nepBoii nojiOBHHe khhfh h paccMOTpeji ;];eKapTOBO npOH3Be;i;eHHe npe;],CTaBJie- 
HHH. nojiHMop4>H3M npe;i;cTaBJieHHH - 3TO OTo6paH<;eHHe ;i;eKapTOBa npOH3Be;],e- 
HHH npe;];cTaBJieHHH, KOTopoe HBJiaeTCH mop4)H3mom npe;];cTaBJieHHH no Ka:»c- 
^HOMy OT;i;ejiBHOMy apryMCHTy. npHBe;];eHHBiH mop4)H3m npe;i;cTaBJieHHH no3- 
BOJineT ynpocTHTB H3yHeHHe mop4)H3mob npe;],CTaBjieHHH. 0;],HaKO npe;i;cTaB- 
jieHHe ;i;ojiHCHO y;],ocTOBepHTB onpe;i;ejieHHBiM Tpe6oBaHHHM Toro, hto6bi 
cyn],ecTBOBaji npHBe;],eHHBiH nojiHMOp4>H3M npe;i;cTaBJieHHH. B 03 MOHCHO, hto 
aSejiCBaa rpynna HBJineTCH e;],HHCTBeHHOH Q-ajire6pOH, npe;],CTaBJieHHe b ko- 
TOpOH ;],onycKaeT nojiHMOp4>H3M npe;],CTaBJieHHH. 0;i;HaKO cero;],HH 3to yxBep- 
Hc;i;eHHe ne /i;oKa3aHO. 

MyjiBTHHjiHKaTHBHan r2-rpynna - 3to Q-ajire6pa, b KOTopoH onpe;i;ejieHO 
npOH3Be;i;eHHe. Onpe;i;ejieHHe TeH3opHoro npOH3Be;];eHHH npe;],CTaBJieHHH a6e- 
jieBOH MyjiBTHHJiHKaTHBHOH Q-rpyHHBi OHHpaeTCH Ha CBOHCTBa npHBe;i;eHHoro 
nojiHMOp4)H3Ma npe;];cTaBJieHHH a6ejieBOH MyjiBTHHJiHKaTHBHoii n-rpynnBi. 

TaK KaK ajire6pa - 3 to Mo;iyjiB, b KOTOpOM onpe;i;ejieHO npoH3Be;];eHHe, 
TO MBI MO»CeM npHMOHHTB 3Ty TOOpHH K H3yHeHHIO JIHHOHHBIX 0 T 06 paHCeHHH 

ajire6pBi. HanpHMep, mhohcoctbo jiHHeiiHBix npeo6pa30BaHHH D-ajire6pBi A 
MOHCHO paccMaTpHBaTB KaK npe;],CTaBJieHHe ajire6pBi A 0 A b ajire6pe A. 
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FjiaBa 1 


Ilpe^HCJioBHe 


1.1. ripeflHCJIOBHe K H3/i;aHHK) 1 

CymecTByeT necKOjibKO SKBHBajieHTHbix onpe/i,ejieHHH MOflyjiH. /Jjih Mena naH- 
6ojiee HHTepecHO onpe^ejieHHe MO^yjia xax 3cj3(|)eKTHBHoe npeflCTaBaenae KOMMy- 
TaTHBHoro KOjibpa b a6ejieBOH rpynne. 3to nosBOjiaeT paccMOTpeTb KoncTpyKpHH 
jiHHeiiHOH ajireGpbi c 6ojiee o6Ln,eH ToaxH spenna h nonaTb Kaxae KOHCTpyKpaa 
BepHbi B flpyrax ajireGpaaaecKHx Teopaax. HanpHMep, Mbi MoaceM paccMaTpaBaTb 
jiHHeiiHoe OTo6paaceHHe kbk mop4)H3m npe^CTaBjiCHaa, t. e. OTo6pa>KeHHe, KOTopoe 
coxpanaeT CTpyKTypy npe^CTaBjieHaa. 

Mo;i,yjib, B KOTopoM onpeflejieno npoH3Be;i,eHHe, Ha3biBaeTca ajireGpoft. B 3a- 
BHCHMOCTH OT peinaeMOH aa^aaH, mbi MoaceM paccMaTpHBaTb paajiaaHbie ajire6pa- 
aaecKHe CTpyKTypbi na ajire6pe. CooTBeTCTBenHO MenaiOTca OTo6pa}KeHHa, coxpa- 
Haiomae CTpyxiypy ajire6pbi. 

Ecjih nac ne HHiepecyeT npe^CTaBjieHae KOJibpa D b Zl-ajire6pe to ajire6- 
pa A aBjiacTca KOjibpoM. OTo6pa}KeHHe, coxpanaiomee cxpyKxypy ajire6pbi kbk 
KO jibpa, nasbiBaexca roMOMop4)H3MOM ajire6pbi. Ecjih nac ne HHxepecyex npoH3- 
BeflCHHC b Z)-ajire6pe A, xo mbi paccMaxpHBacM D-ajire6py kbk MO^yjiB. Oxo6- 
paaccHHe, coxpanaiomee cxpyxxypy ajire6pbi Kax MO^yjia, HasBiBaexca jinneftHbiM 
oxo6pajKeHHeM Il-ajire6pbi. JlnHefinbie oxoGpaaceHHa aBjiaioxca BajKHbiM HHCxpy- 
MeHxoM npH H3yaeHHH MaxeMaxHaecKoro anajinaa. Oxo6paiKeHHe, coxpanaiomee 
cxpyKxypy npe;i,cxaBjieHHa, naBbiBaexca jinnefinbiM roMOMop(|)H3MOM. B pa3flejie 
5.3 a noKaaaji cymecTBOBanne nexpaBnajiBHoro jinnennoro roMOMopcjDH3Ma. 

OcBpajib, 2015 


1.2. ripeflHCJioBHe k H3/i;aHHK) 2 

OcHOBHOii saMbiceji axoii KHnrn - nonbixKa nepenecxn b npeflcxaBjienne f2i-aji- 
re6pbi (Koxopyio mbi 6yfleM nasbiBaxb lii-ajireGpon npcoOpaaoBannii r22-ajire6pbi 
HjiH npocxo Oi-ajire6poH npcoOpaaoBannii) ncKOxopBie noHaxna, c koxopbimh mbi 
xopomo 3HaKOMBi b jinnennon ajireGpe. IIocKOJiBKy jinnennoe OToOpaacenne - axo 
npHBeflenHBiH Mop(J)H3M MO^yjia, ecjin mbi paccMaxpnBaeM MO^yjiB Kax npe^cxaB- 
jienne xojiBpa b aGejiCBOit rpynne, xo onpe^eaenne noanMopcjanoMa npeflcxaBaennii 
HBaaexca ecxecxBennbiM oGoOmenneM noanannenHoro oxoSpaacenna. 

Hayaaa annennoe OToOpaacenne na^ HexoMMyxaxHBHBiM xoanpoM c ^eaenneM 
D, MBI npnxoflHM x BBiBOfly axo b paBencxBe 

f{ax) = af{x) 

a ne Moacex 6bixb npoH3BoaBHBiM aaeMenxoM xoaxpa D, no ^oaacno npnnaflae- 
acaxB penxpy xoaBpa D. 3xo no3Boaaex c^eaaxb xeopnio annefinBix oxoGpaacenHH 
HHxepecHOH H Goraxoit. 
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1. IlpeflHCJioBHe 


IIoaTOMy, TaKJKe krk b cjiynae nojiHjiHHeftHoro OToGpaxeHHH, mbi TpeGyeM, 
HTo6bi npeoGpasoeaHHe, KOTopoe Jli-ajireGpa nopox^aeT b o^hom coMHOJKHTejie, 
MOJKHO 6bijio 6bi nepenecTH na jiioGofi ;i,pyroH coMHoacHTCJiB. Boo6iii,e roBopa, sto 
T pe6oBaHHe ne npeflCTaBjiaeTca jkcctkhm, ho BbinojiHCHHe SToro Tpe6oBaHHH no3- 
BOjiaeT paccMaTpHBaTb r2i-ajire6py npeo6pa30BaHHH kbk a6ejieByK) MyjibTHnjiHKa- 
THBHyio rii-rpynny. 

TeH3opHoe npoH3BefleHHe seKTopHbix npocTpancTB accopnaTHBHO. PaccMOTpe- 
HHe accopHaTHBHOCTH TeH3opHoro npoH3Be^eHHa npeflCTaBaennii nopoac^aeT HOBoe 
orpaHHaenne na nojiHMop(|)H3M npe;i,CTaBjieHHH. JlK)6bie ^bc onepapHH r22-aJire6- 
pbi ;i,oji>KHbi yflOBjieTBopaTb paBencTBy (3.1.19). Bo3mo>kho, hto aGejieBaa rpynna 
aBjiaeTca e^HHCTBCHHOft r22-ajire6poH, npe;i,CTaBjieHHe b KOTopoii ;i,onycKaeT hojih- 
Mop(|3H3M npeflCTaBjieHHH. OflHaKO ceroflna 3 to yTEepac^eniie ne flOKaaaHO. 

Ecjih Mbi BcpHM B HeKOTopoe yTBepjK^eHHe, KOTopoe mbi ne MoaceM flOKa3aTb 
HjiH onpoBeprnyTb, to OTKpbiTHe npoTHBOnojiOJKHOro yTBepac/i,eHHa mojkot npHBe- 
CTH K HHxepecHbiM OTKpbiTHaM. Ha npoTaaceHHH TbicaaejiCTHii MaxeMaTHKH nbixa- 
ancb flOKaaaTb naTbifi nocxyjiaT EBKjiHfla. JIoSaaeBCKHii h Bojibaii flOKaaajiH, hto 
cymecTByeT reoMexpHa, r^e 3 tot nocTyjiax neBepen. MaTOMaTHKH nbiTajiHCB naii- 
XH penieHHe ajire6paHHecKoro ypaBHenna, Hcnoab3ya pa^HKaabi. OflHaKO Eajiya 
flOKaaaji, hto 3xo neBOBMoacHO c;i,ejiaTb, ecjiH CTenenb ypaBHenna Bbinie 4. 

H flojiroe BpeMa nojiaraji, axo h 3 cyHi,ecTBOBaHHa npHBe^eHHoro Mop4)H3Ma 
npeflCTaBjieHHa cjieflyex cyni,ecTBOBaHHe npHBe^eHHoro noaHMop4)H3Ma npe.ncTaB- 
jieHHa. TeopcMa 3.1.13 OKaaajiacB fljia Mena hojihoh neoacHflaHHOCTbio. 

H noaaraio, aTO tbkct o nojiHMop(|)H3Me h TenaopHOM npoH3Be;i,eHHH npe.ii,CTaB- 
jieHHH BaaceH. 

• HanncaB cepnio CTaTefi, nocBan],eHHbix MaxeMaTHaecKOMy anajinay na^ 
6aHaxoBbiMH ajireGpaMH, a noaaraji, axo o^Haac^bi a CMory HanncaTb 
noflo6Hyio cxaxbio o MaxeMaxHaecKOM anajiHae b npoH3BOjibHOM npe.ii,- 
cxaBjieHHH. Mena CMyipana neoGxoflHMOCTb OTKaaaxbca ot cjioaceHna KaK 
opeHKH KaK Majio paccToaHne Meac/i,y OTo6paaceHHaMH. Koneano, a mo- 
ry yxBepac/i,aTb, aTO MopcjDHBM npeflCxaBnenna naxo^HTCa b OKpecxHO- 
CTH paccMaxpHBaeMoro OTo6paaceHHa. OflnaKO cuoacenne HBjiaeTca cy- 
m,ecTBeHHOH KOMnoneHxoH nocxpoenna. OTcyxcTBne npHBeflCHHoro hojih- 
Mop(j3H3Ma anniaeT Mena BOBMoacnocxH onpeflejiHXb npoH3BOflHbie Bxopo- 
ro nopaflKa. 

• AnaiiorHaHO TOMy, KaK mbi paccMaxpHsaeM jiHHennoe oxoGpaacenHe D- 
aare6pbi, mbi MoaceM paccMaxpuBaTB jiHRennoe oxoGpaaceHne acjjcjseKTHB- 
Horo npeflcxaBnenna b aGejieBoii f22-rpynne. CxpyKxypa jinneftHoro oto 6- 
paacenna acJxJjeKXHBHoro npeflcxaBaenna b aGeaeBon r22-rpynne caoacnee 
aeM CTpyKTypa aHHennoro OToGpaacenna H-aareGpBi. O^naKO 3 to aa^aaa 
HHTepecHa flaa Mena, h a Ha.ii,eiocB BepHyxbca k nen b 6y/i,yn],eM. 

Man, 2015 


1.3. CorjiameHHH 

CorjlAUlEHHE 1.3.1. Mu 6ydeM noAbsoeamtcsi cozAamenueM 9uHmmeuHa o 
cyMMe, 6 KomopoM noemoptimvnuucfi undeKC (oduH eeepxy u oduH enuay) nodpa- 
ayMeeaem cyMMy no noemopHmineMycfi undency. B amoM cjiyuae npednojiazaemcn 
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useeciJiHUM MHomcecmeo undeKca cyMMupoeanufi u shuk cyMMu onycKaemcsi 

iei 

□ 


CorjlAUlEHHE 1.3.2. B eupaoKCHuu euda 

npednojiazaemcfi cyMMa no uudeKcy i. □ 

CorjiAliiEHHE 1.3.3. Uycmb A - ceo6odHaM ajize6pa c kohchhum ujiu cnem- 
HUM 6a3ucoM. Upu pasjiocHceHuu ojieMenma ajize6pu A omHocumejibHo 6a3uca e mu 
noJit)3yeMcsi odnou u moil otce KopHceou 6yKeou djisi odosHaueHUfi smozo ajicMenma 
u ezo Koopdunam. B eupaoKenuu ne sicho - 3mo KOMnoHenma paoMotcenuM 3Jie- 
Menma a omnocumeAbHO 6a3uca uau omo onepayusi eo36edeHUM e cmenewb. /Jaa 
o6AezHeHUA umenuA meKcma mu 6ydeM uhSckc OACMenma aAzeGpu eudeAAmb yee- 
moM. HanpuMcp, 

a = a*ei 

□ 

CorjlAUiEHHE 1.3.4. Ecau ceo6odHaA KOHeunoMepnaA aAzeOpa uMcem edunu- 
yy, mo mu 6ydeM omootcdecmeAAmb eenmop 6a3uca cq c edunuyeu aAzeOpu. □ 



rjiaea 2 


IlpoHSBe^eHHe npe^cxaBJieHHH 


2.1. ^eKapTOBO npoH3Be/i;eHHe yHHBepcajiBHbix ajire6p 

OnPEflEJiEHHE 2 . 1 . 1 . Ilycmb A - Kamezopusi. Uycmb {Bi,i € /} - mhochce- 
cmeo o6seKmoe u3 A. 06seKm 

iGl 

u MHODfcecmeo Mop^usMoe 

{h-P - 

Haaueaemcsi npoH3Be/i;eHHeM o6'beKTOB {BiA € /} b KaTeropHH A^'^, ecjiu 
djisi jim6ozo o6seKma R u MHOotcecmeo Mop^u3Moe 

{ Pi : R - ^ Bi e /} 

cymecmeyem eduHcmeeHHuu Mop^u3M 

h :R - 

maKoil, umo duazpaMMa 

P > B^ fioh = Pi 

h 

R 

KOMMyrnamuena dAsi ecex i £ I. 

Ecau |/| = n, mo dAA npou3eedeHUA o6seKmoe {BiA & 1} e A mu man otce 
6ydeM noAt>306amt>CA 3anuc'bm 

n 

P = Y[Pi = Bl ^ Bn 

i=l 

□ 

IIphmep 2 . 1 . 2 . Ilycmb S - Kamezopun MHOMcecmeA'"^ Cozaucho onpedcACHum 
2.1.1, dcKapmoeo npouseedenue 

A = \{A, 

ceMeucmea Muomcecme {Ai^i G I) u ceMeucmeo npoeKv^uu na i-u MHODfcumeJih 

Pi A ^ Ai 

^■^Onpe;i;ejieHHe ^ano corjiacHO [ 1 ], cxpaHHi^a 45 . 

^■^CMOTpH xaioKe npHMep b [ 1 ], CTpaHHLi;a 45 . 
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2. IlpoHSBefleHHe npeflCTaBJieHHft 


MBMfimmcsi npouseedenueM e Kamezopuu S. □ 

Teopema 2.1.3. UpouaeedeHue cymecmeyem e Kamezopuu A VL-aAze6p. Uycmu 
VL-aAze6pa A u ceMeucmeo Mop^usMoe 

Pi A —^ Ai t ^ I 

ABAAcmcA npouseedeuueM e Kamezopuu A. Tozda 
2.1.3.1: Mnoofceemeo A ASAAemcA deKapmoeuM npouaeedeuueM ceMCucmea mho- 
oKecme {Ai,i & I) 

2.1.3.2: roMOMop(f)U3M Q,-aAze6pu 

Pi ■ A ^ Ai 

ABAAemcA npoeKyueu ua i-u MHootcumeAu. 

2.1.3.3: JIm6oe A-hucao a Mootcem 6umt> oduosHauHO npedcmasAeno e eude Kop- 
meotca (j)i{a),i & I) Ai-HuceA. 

2.1.3.4: Ilycmt) w € 17 - n-apnaA onepayuA. Tozda onepayuA uj onpedeAena no- 
KOMnoHeumno 

(2.1.1) ai...a„u; = {aii...aniOJ,i G I) 
zde ai = {aii,i G /), ..., a„ = (a™,i G I) . 

^OKASATEJIbCTBO. IlyCTb 

A = l[A, 

iGl 

fleKapTOBO npoHSBe^eHHe ceMeftCTBa MHOxecTB {Ai,i G I) h, ynsi KajKfloro i G I, 

OTo6pa>KeHHe 

Pi : A ^ Ai 

HBjiaeTCH npoeKpHeii na i-ft MHoacHTejib. PaccMOTpHM ^HarpaMMy MopeJiHSMOB b 

KaTeropHH MHOxecTB <S 

(2.1.2) A — A^ pi0oj = g^ 

to 

An 

r^e OTo6pa}KeHHe gi onpe^ejieHO paseHCTBOM 

gi{ai, ..., an) = pi(ai)...pi(a„)a; 

CorjiacHO onpe/i,ejieHHio 2.1.1, OTo6pa3KeHHe oj onpe^ejiCHO o/i,H03HaaHO h 3 MHoace- 
CTBa flHarpaMM ( 2 . 1 . 2 ) 

(2.1.3) ai...a„w = (pi(ai)...pi(a„)w,i G I) 

PaBencTBO (2.1.1) HBjiaeTca cjie;i,CTBHeM paaencTBa (2.1.3). □ 

OnPEflEJiEHHE 2.1.4. Ecau ri-aAzedpa A u ceMeucmeo Mop^usMoe 

Pi : A —y Ai t G I 

ABAAcmcA npouseedenueM e Kamezopuu A, mo Q-aAze6pa A uasueaemcA npHMbiM 
M/tM fleKapTOBbiM npoH3Be/i,eHHeM H-ajireGp {Ai,i G I) . □ 





2.1. /l^eKapTOBO npoHSEe^eHiie yHHBepcajibHMX ajire6p 
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Teopema 2.1.5. Ilycmt) MHocttcecmeo A sieAsiemcfi deKapmoeuM npouseedenu- 
eM MHOOfcecme {Ai,i € /) u MHOcucecmeo B sieAfiemcsi denapmoeuM npouseede- 
HUBM MHOCHcecme {Bi,i G I) . KacHcdozo i G I, nycmb 

fi ■ Ai ^ Bi 

A6AJiemcA omodpaatceHueM MHOMcecmea Ai e MHocHcecmeo Bi. /(aji Kaotcdozo i G I, 
paccMompuM KOMMyrnamuenym duazpaMMy 

(2.1.4) B-^B, 

f fi 

A - ^Ai 

zde omodpaotceHUA pi, Pi sieAAwmcA npocKyueu na i-u MHOJKumeA'b. MnooKecmeo 
KOMMymamuewbiX duazpaMM (2.1.4) odnosHaHHO onpedcAAem omodpaatceHue 

f '■ A\ ^ Ai 

f{ai,i G I) = {Mai),i G /) 

^OKASATEJIbCTBO. fljIH KaSKflOrO i G I, paCCMOTpHM KOMMyTaTHBHyiO ffna- 
rpaMMy 

(2.1.5) B - - - ^Bi 



IlycTb a G A. CorjiacHO yTBepjK^eHHio 2 . 1 . 3 . 3 , ^-hhcjio a MOSKei Gbitb npe^CTaB- 
jieno B BH^e KopTejKa Ai-^ncen 

( 2 . 1 . 6 ) a={ai,i&I) = p^(a) G A^ 

IlycTb 

( 2 . 1 . 7 ) b = f{a)GB 

CorjiacHO yTBepxfleHHio 2 . 1 . 3 . 3 , B-hhcjio b MOxeT Gbitb npe^CTaBjicno b BH/i,e Kop- 
TejKa Si-HHceji 


(2.1.8) b={hA&I) h=p'^{b)GB, 

Ha KOMMyTaTHBHOCTH ,nHarpaMMbi (1) h h 3 paBencTB (2.1.7), (2.1.8) cjie;i,yeT, hto 

(2.1.9) h=g,{b) 

Hs KOMMyTaTHBHOCTH ^HarpaMMbi (2) H H3 paBCHCTBa (2.1.6) cjie^yeT, hto 
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2. IlpoHSBefleHHe npeflCTaBJicHHii 


Teopema 2.1.6. nycmt) Q.-aAze6pa A steAAemcji denapmoeuM npouseedenueM 
U,-aAze6p {AiA € /) u fl-aAze6pa B AeAsiemcA denapmoeuM npouseedenueM 11 - 
aAze6p {Bi,i S I) . /1am Kacucdoao i £ I, nycmti omo6pam:eHue 

fi ■ Ai ^ Bi 

M6AMemcM zoMOMopi/usMOM Q-aAze6p'bL Tozda omoOpaMcenue 

f : Ai ^ A 2 

onpedeACHHoe paeeHcmeoM 

( 2 . 1 . 10 ) fiai/£l) = {fi{a/,i£l) 

M6AMemCM ZOMOMOp^USMOM Q-aAZe6p'bL 


^OKASATEJlbCTBO. IlycTb w € H - n-apnaH onepapna. IlycTb ai = {an/ £ 
/), ..., an = {a„i,i £ I) h 61 = {bn,i £ I), ..., bn = {hni/ G /) . Hs paseHCTB 
(2.1.1), (2.1.10) cjiepyeT, bto 


/(ai...a„w) = f{aii...amUJ,i £ I) 

= {fi{aii...aniOj),i £ I) 

= {{fi{aii))--{fi{ani))/ £ I) 

= {bn--bmUJ,i £ I) 

/(ai).../(a„)w = 5i...6„a; = (5ij...6„w,z G I) 


□ 


2.2. /l)eKapTOBO npoHSBepeHHe npepcTaBJieHHH 
JlEMMA 2.2.1. Uycm'b 

A = X{A, 

iei 

deKapmoeo npouseedenue ceMcucmea fli-aAze 6 p {Ai,i £ I) . //am Kaatcdozo i £ I, 
nycmt, MHoatcecmeo *Ai MBAMcmcM Q 2 -aAze 6 pou. Tozda MHoofcecmeo 

(2.2.1) °A = {f£*A: f{a,, i £ I) = {f/a/, i £ /)} 

MBAMcmcM dcKapmoBUM npouseedcHueM fl 2 -aAze 6 p *Ai. 

,HOKA3ATEJibCTBO. CorjiacHO onpepejieHHK) (2.2.1), mbi MOJKeM npepcTaBHTb 
OToOpajKeHne f £ ° A b Bnpe KopTexa 

/ = (/.,*£/) 

OTo6pa>KeHHH fi £ * Ai. Corjiacno onpepejieHHio (2.2.1), 

{fi/ £ I){ai,i £ I) = if/a// £ I) 

IlycTB a; G 122 - n-apnaa onepapaa. Mbi onpepejiHM onepapaio co na MHoacecTBC 
°A paBCHCTBOM 

{{fli/ G I)...{fni,i £ d^)aj){ai/ G /) = {{fii{ai')')...{fni{ai))co.,i £ /) 

□ 


2.2. /JeKapTOBO npoHSBe^eHHe npeflCTaBJieHHH 
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OnPEflEJiEHHE 2.2.2. Ilycm'b Ai - Kamezopufi Qi-ajize6p. Uycmti A 2 - Ka- 
mezopuR il2-aAze6p. Mu onpedeJiuM KaTeropHKj {Ai*)A2 jieBOCTopoHHHX 
npe/i;cTaBJieHHii. 06seKmaMu 9mou Kamezopuu neAsimmcsi AeeocmopoHHue nped- 
cmaeAenuR Vli-aAze6pu e VL2-aAze6pe. Mop(pu3MaMu amou Kamezopuu neAsimmcsi 
Mop(f)U3MU coomeemcmeymuiflLX npedcmaeACHUu. □ 

Teopema 2.2.3. B Kamezopuu (Ai*)A 2 cyui,ecmeyem npouzeedeuue oduo- 
mpauzumuemix AeeocmopouHux npedcmaeAenuu Qi-aAze 6 pu e U, 2 -aAze 6 pe. 

^OKASATEJIbCTBO. fljia j = 1, 2, nyCTb 

Pj = H 

i€l 

npoH3BefleHHe ceMeiicTBa f2j-ajire6p {Bji,i € /} h ^jih jiioGoro i £ I OToGpaace- 
HHe 

■ Pj ^ Pji 

HBjiaeTCH npoeKpHefi na MHOXHTejiB i. ^jih KajK^oro i G I, nycTb 

hi : Bu -*—^ B2i 

o^oxpaHSHTHBHoe Bii^-npe^cxaBjieHHe b ri2-ajire6pe i?2i- 

Ilycxb 61 G Pi- CorjiacHO yxBepjK/i,eHHio 2.1.3.3, Pi-bhcjig bi Moacex 6bixb 
npe^cxaBjieHO b BH/i,e Kopxexa Bu-Huceji 

(2.2.2) bi = (bu, t G I) bu = tuibi) G Bu 

Ilycxb 62 G P 2 - CorjiacHO yxBepjK^eHHio 2.1.3.3, P2-aHCjio &2 Moacex 6bixb npe;i,- 
cxaBjieno b BH^e Kopxe>Ka P2i-aHceji 

(2.2.3) b2 = (62*,* G I) b2^ = t2^{b2) G B2^ 

JIemma 2.2.4. /(am Kaatcdozo i G I , paccMompuM duazpaMMy omohpacuceHuu 

(2.2.4) P 2 -^ 52* 



Ilycm'b omohpaoiceHue 

g:Pi^ *P2 

o’npedeACHo paeeHcmeoM 

( 2 . 2 . 5 ) g{bi) ob2 = (h/bu) o 62*, i G I) 

Tozda omohpaatceHue g MOAMemcM od’HompaH3umueHUM Pi*-’npedcmaeAeHueM e 
fl2-aAze6pe P 2 

g : Pi P2 

OmohpaaiceHue {tu,t2i) MOAMemcM Mop(fiu3MOM’npedcmaeAenuM g e npedcmaeAe- 
'Hue hi. 


^OKASATEJIbCTBO. 
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2. IlpoHSBefleHHe npeflCTaBJicHHii 


2.2.4.1: CorjiacHO onpe^ejieHHHM [4]-2.1.1, [4]-2.1.2, OTo 6 pajKeHHe hiibu) sbjih- 
eTCH roMOMopcJjHSMOM r 22 -ajire 6 pbi i? 2 i- Corjiacno TCopeMe 2.1.6, h 3 kom- 
MyTaTHBHOCTH flHarpaMMbi (1) fljiH KajKfloro i G I, cjie,zi,yeT, hto OTo 6 pa- 
jKeHHe 

g{bi) : P 2 ->■ P 2 

onpe^ejieHHoe paBcncTBOM (2.2.5) HBjiaeTCH roMOMopcjDHSMOM r22-ajire6- 
pbi P 2 . 

2.2.4.2: CorjiacHO onpeflejienHio [4]-2.1.2, MHoacecTBO *i? 2 i HBjiaeTca Hi-aji- 
reGpoli. Corjiacno jicmmc 2.2.1, mhojkcctbo °P 2 C *P 2 aBjiaerca Hi- 
aareGpoli. 

2.2.4.3: CorjiacHO onpe^ejiCHHio [4]-2.1.2, OTo 6 pa}KeHHe 

hi '■ Bii —> *B2i 

aBjiacTca roMOMop(|)H3MOM Hi-ajireGpbi. Corjiacno TCopcMC 2.1.6, oto6- 
paacenne 

g:Pi^ *P2 

onpe^ejiennoe panencTBOM 

5(61) = {h^{bii),i € I) 
aBjiacTca roMOMop4)H3MOM f2i-ajire6pbi. 

Corjiacno yTBepjKflennaM 2.2.4.1, 2.2.4.3 n onpe,ii,ejienHio [4]-2.1.2, OToGpaace- 
nne g anaacTca Pi+-npe.ii,CTaBjienneM b r 22 -ajire 6 pe P 2 . 

IlycTb 621 , b 22 G P 2 . Coraacno yiBcpacflennio 2.1.3.3, P 2 -nHCJia 621 , 622 
MoryT 6 biTb npe,ncTaBjienbi b bh^c KopTcaceii B 2 i-^Hceji 

, . b 2 i = (b 2 ii,i G /) b2ii = t2i(b2i) G B2i 

( 2 . 2 . 6 ) 

^22 = {l>22i,i G I) 6221 = ^ 21 (^ 22 ) S B2i 

Corjiacno reopcMe [4]-2.1.9, nocKOJibny npeflCTaBjieniie hi o.ii,HOTpaH3nTnBno, to 
cymecTBycT e/inncTBcnnoe Pn-nncao hu xaKoe, hto 

^ 22 i = hi{bii) o 621 ^ 

Corjiacno onpeflejiennaM (2.2.2), (2.2.5), (2.2.6), cymecTByex e^nncTBennoe Pi-nnc- 
jio 61 TaKoe, nTO 

622 = gibi) o 621 

Corjiacno TeopcMC [4]-2.1.9, npe,zi,CTaBjienne g o^nnoxpansnTnBno. 

H 3 KOMMyxaxHBnocxH .ii,HarpaMMbi (1) n onpe^ejienna [4]-2.2.2, cae^nyex, hto 
oxo6paaceHiie (iii,i2i) anaaexca MopcjinBMOM npcflCxaBaenna g b npe^z^cxaBaeniie 
hi. © 

Ilycxb 

(2.2.7) d2=g{bi)ob2 d2 = {d2i,iGl) 

Hb paBCHCXB (2.2.5), (2.2.7) cae^nyex, hto 

( 2 . 2 . 8 ) d 2 i = hi{bii) o b 2 i 

j = 1, 2, nycxb Rj - flpyroii oGbCKx Kaxeropnn Aj. ,Aaa jiio6oro i G I, 
nycxb oxoGpaacenne 

Bii 


ru ■■ Ri 



2.2. /JeKapTOBO npoHSBe^eHHe npeflCTaBJieHHH 
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HBjiaeTCH Mop(|3H3MOM H3 fJi-ajireGpa i?i b r2i-ajire6py Bn. CorjiacHO onpe^ejieHHio 
2.1.1, cymecTBycT eflHHCTBCHHbiH Mop4)H3M lli-ajire6pbi 

Si : i?i-^ Pi 

TaKoii, HTO KOMMyTaTHBHa ^HarpaMMa 

(2.2.9) Pi Bu tuosi=ru 



IlycTb ai S i?i. IlycTb 

(2.2.10) bi = si(ai) € Pi 

Hs KOMMyTaTHBHOCTH ^arpaMMbi (2.2.9) h yTBepiKfleHHH (2.2.10), (2.2.2) cjie^yeT, 

HTO 

(2.2.11) bu = rn{ai) 

IlycTb 

/ : Ri i?2 

o.ii,HOTpaH3HTHBHoe i?i+-npe.ncTaBjieHHe b 02-ajire6pe i? 2 . CorjiacHO TeopeMe [4]- 
2.2.10, Mop(|3H3M f22“3''nre6pbi 

?'2i : R 2 -^ B2i 

TaKoft, HTO OToOpaiKeHHe (r'ij,r’2i) aBjiaeTca mopcJdhsmom npeflCTaBjieHHli h3 / b 
hi, onpe;i,ejieH oflHOBHaano c ToanocTbio BbiOopa oGpaaa i?2-aHCJia 02- Corjiacno 
3aMeaaHHio [4]-2.2.6, b ^aarpaMMe OTo6pa>KeHHH 

(2.2.12) B 2 , 



^arpaMMa (2) KOMMyTaTHBHa. CorjiacHO onpeflejieHHio 2.1.1, cyipecTByeT o^hh- 
CTBeHHbiH Mop43H3M r22-ajire6pbi 

P2 


S2 : i?2 
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2. IlpoHSBefleHHe npeflCTaBJieHHft 


xaKOH, HTO KOMMyTaTHBHa ^HarpaMMa 

(2.2.13) P 2 t2^0S2=r2i 



IlycTb 02 € i? 2 . riycTb 

(2.2.14) 62 = 52 ( 02 ) € P 2 

Hs KOMMyTaTHBHOCTH ^HarpaMMbi (2.2.13) h yTBep>KfleHHH (2.2.14), (2.2.3) cjie^y- 
eT, HTO 

(2.2.15) b2i = r2i{a2) 

IlyCTB 

(2.2.16) C 2 = /(oi)oo 2 

Ha KOMMyTaTHBHOCTH,HHarpaMMbi (2) h paBencTB (2.2.8), (2.2.15), (2.2.16) cjie^yeT, 

HTO 

(2.2.17) d2i=r2i{c2) 

Ha paseHCTB (2.2.8), (2.2.17) cjie;i,yeT, hto 

(2.2.18) d2 = S 2 (C 2 ) 

HTO corjiacycTCH c KOMMyTaTHBHOCbio flHarpaMMbi (2.2.13). 

KajKfloro i € I, mbi oGteAHKHM flnarpaMMbi OTo 6 pa}KeHHH (2.2.4), (2.2.9), 
(2.2.13), (2.2.12) 



Ha paBCHCTB ( 2 . 2 . 7 ) ( 2 . 2 . 14 ) 11 na paaencTB ( 2 . 2 . 16 ), ( 2 . 2 . 18 ), cjie^yeT KOMMyTaTHB- 
HOCTb flHarpaMMbi (3). CjieflOBaTejibHO, OTo6pa}KeHHe (si,S2) HBjiHeTCH MopcJjHa- 
MOM npe^CTaBjieHHii na / b g., Corjiacno TCopeMe [ 4 ]- 2 . 2 . 10 , MopcjanaM (si,S2) 
onpe^ejieH oflHoaHaHHO, tbk kbk mbi Tpe 6 yeM ( 2 . 2 . 18 ). 

CorjiacHO onpe/i,ejieHHio 2 . 1 . 1 , npe^CTaBjieHHe g h ceMeiicTBO Mop(|)HaMOB npe^- 

CTaBjieHHH {{tii,t2i),i & I) HBjiaeTCH npoHaBe^eHHeM B KaTeropHH {Ai*)A2 ■ D 
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2.3. npHBe/i,eHHoe /];eKapTOBO npoHSBe^eHHe npe^cTaBJieHHH 

OnPEflEJiEHHE 2.3.1. Uycm'b Ai - Hi-ayiaefipa. Uycmh A2 - Kamezopun ^2- 
aAze6p. Mu onpedeAUM KaTeropwio {Ai*)A2 jieBOCTopoHHHX npe^cTaB- 
JieHHii. 06'oeKmaMU amou namezopuu AeAAwmcA AeeocmopoHHue npedcmaeAenuA 
VLi-aAze6pu Ai e Q.2-0LAze6pe. Mop(f)U3MaMu smou Kamezopuu nBAAmmcA npuee- 
deHHue Mop^u3Mu coomeemcmeymmux npedcmaeAenuu. □ 

Teopema 2.3.2. B Kamezopuu {Ai*)A2 cyui,ecmeyem npou3eedeHue 3g5g5e?e- 
mueuux AeeocmopoHHux npedcmaeAenuu D,i-aAze6pu Ai e Q,2-aAze6pe u smo npo- 
uzeedenue jieAMemcA a^j^CKmuenuM AeeocmopoHHUM npedcmaeAenucM D,i-aAze6- 
pu Ai. 

^OKASATEJIbCTBO. IlyCTb 

^2 = ^2i 

i£l 

npoHSBe^eHHe ceMeiicTBa f22-ajire6p S /} h jiio6oro i £ I OToGpajKe- 

HHe 

ti ■ A2 -^ A2i 

HBjiaeTCH npocKpHeii na MHOJKHTejiB i. ^jih KajK^oro i £ I, nycTb 

hi ■ Ai —* —s- A2i 

3(|3(|)eKTHBHoe Ai =i:-npeflCTaBjieHHe b r22-ajire6pe A2i. 

IlycTb bi £ Ai. IlycTb 62 £ A2. CorjiacHO yTBepjK^eHHio 2.1.3.3, A2-aHCJio &2 
MOJKeT 6biTb npeflCTaBjieno b bh^b KopTeaca ^2i-BHceji 

(2.3.1) b2 = {b2,A&I) b2. = k{b2) £ A2, 

JIemma 2.3.3. /(am Kaofcdozo i £ I, paccMompuM duazpaMMy omodpaoKcnuu 

(2.3.2) A2 - - -^ ^2. 



Uycm'b omoOpaMcenue 

9 '■ Ai ^ * A 2 

onpedcACHo paeencmeoM 

( 2 . 3 . 3 ) g{bi) o 62 = {hi{bi) o 62*, i £ I) 

Tozda omodpaatcenue g MOAMcmcM 3(fi(fieKmueHUM Ai*-npedcmaeAenucM e U,2-aA- 
ze6pe A2 

g : Ai — A 2 

Omodpaotcenue ti MBAMemcM npueedennuM Mop^usMOM npedcmaeAenuM g e nped- 
cmaeAcnue hi. 


^OKASATEJIbCTBO. 
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2. IlpoHSBefleHHe npeflCTaBJicHHii 


2.3.3.1: CorjiacHO onpe;i,ejieHHa:M [4]-2.1.1, [4]-2.1.2, OTo6pa}KeHHe hi(bi) sbjih- 
eTCH roMOMopcJjHSMOM ri2-a'Jire6pbi ^2i- Corjiacno TCopeMe 2.1.6, h 3 kom- 
MyTaTHBHOCTH flHarpaMMbi (1) fljiH KajKfloro i G I, cjie^yeT, hto OTo6pa- 
jKeHHe 

g{bi) : A 2 ^ A 2 

onpe^ejieHHoe paBcncTBOM (2.3.3) HBjiaeTCH roMOMopcjDHSMOM r22-ajire6- 
pbi A 2 . 

2.3.3.2: CorjiacHO onpeflejienHio [4]-2.1.2, MHoacecTBO *A 2 i HBjiaeTca Hi-aji- 
reGpoli. Corjiacno jicmmc 2.2.1, mhojkoctbo °A 2 C *A 2 aBaaerca Hi- 
aareGpoli. 

2.3.3.3: CoraacHO onpe^eacHHio [4]-2.1.2, OTo6pa}KeHHe 

hi : Ai —> *A2i 

aBaacTca roMOMop(|)H3MOM Hi-aareGpBi. Coraacno xeopeMe 2.1.6, oto 6- 
paaccHHC 

g : Ai ^ *A 2 

onpe^eacHHoe paBcncTBOM 

g{bi) = {h^{bl),i € I) 

aBaaerca roMOMop4)H3MOM f2i-aare6pbi. 

CoraacHO yTBepjK^eHHaM 2.3.3.1, 2.3.3.3 ii onpe^neaennio [4]-2.1.2, oroGpaace- 
HHC g aBaacTca Ai^-npeflCTaBaenneM b r22-aJire6pe A2. 

JXnsi aio6oro i G I, coraacno onpcfleaennio [4]-2.1.6, ^i-nncao ai nopoac^aer 
eflHHCTBenHoe npeoGpaBonanne 

(2.3.4) &22i = hiibi) o 6212 

IlycTb &21, ^22 G A 2 . Coraacno yrnepacflennio 2.1.3.3, A2-nHcaa &21, ^22 Moryr 
6biTb npe^cxaBaenbi b bh^c Kopxeaceii 2l2i-nHcea 


(2.3.5) 


^21 — (^21ij* G /) b 21 i — ti(b 2 l) G A2i 

622 = (&22i,* G I) b22i = ti{b22) G ^2i 

Coraacno onpe;i,eaeHHio (2.3.3) npe^cxaBaenna g, h 3 panencxB (2.3.4), (2.3.5) cae- 
.ayex, nxo Ai-nncao ai nopoacflaex eflHncxBenHoe npeo6pa30BaHHe 

( 2 . 3 . 6 ) 622 = ihi{bi) o b2ii,i G I) = 5(61) o 621 

Coraacno onpcfleaennio [4]-2.1.6, npe^ncxanaenne g seJxJieKXHBno. 

H 3 KOMMyxaxHBnocxH .ii,HarpaMMbi (1) n onpe;i,eaeHHa [4]-2.2.2, cae;i,yex, nxo 
oxo6pa>KenHe ti anaaexca npnBeflennbiM MopcjansMOM npe^^cxanaenna g b npe;i,cxaB- 
aenne hi . 0 

Ilycxb 

(2.3.7) d2 = g{bi) ob2 ^2 = {d2i, i G I) 

H 3 paBcncxB (2.3.3), (2.3.7) cae;i,yex, nxo 

(2.3.8) d2i = hi{bi) o b2i 
ITycxb i?2 - flpyroii oSbCKx Kaxeropnn A2- Ilycxb 

/ : Ai i?2 


2.3. npHBe;].eHHoe ^eKapTOBO npoHSBe^eHHe npe^cTaBJieHHH 
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3 (|)(]DeKTHBHoe *-npe;i,CTaBjieHHe b r 22 -aJire 6 pe i?2 - A'Hh Jiio 6 oro i G I, nycTb 
cymecTByeT mop4)H3m 

n : i?2-^ ^2i 

npeflCTaBjieHHii h 3 / b hi. Corjiacno saMenaHHio [ 4 ]- 2 . 2 . 6 , b ^narpaMMe OTo 6 pa- 
jKeHHii 

( 2 . 3 . 9 ) A2^ 



^HarpaMMa (2) KOMMyTaTHBna. CorjiacHO onpe^ejieHHio 2.1.1, cyipecTByeT e^HH- 
CTBeHHbiii Mop(|)H3M r22-a.Jire6pbi 

s : i?2-^ A 2 

TaKOH, HTO KOMMyTaTHBna ^HarpaMMa 

(2.3.10) A 2 — A2i tiOs = ri 

S 

i?2 

IlycTb 02 S i? 2 . IlycTb 

(2.3.11) 62 = 5 ( 02 ) G ^2 

Hs KOMMyTaTHBHOCTH ^HarpaMMbi (2.3.10) h yTBepjKfleHHli (2.3.11), (2.3.1) cjie^y- 

eT, HTO 

(2.3.12) h2i = ri{a2) 

IlycTb 

(2.3.13) C 2 = /(ai)oa 2 

Ha KOMMyTaTHBHOCTH,HHarpaMMbi (2) h paaencTB (2.3.8), (2.3.12), (2.3.13) cjieflyeT, 

HTO 

(2.3.14) d2^ = n{c2) 

Ha paBOHCTB (2.3.8), (2.3.14) cjie;i,yeT, hto 

(2.3.15) d2=s{c2) 

HTO corjiacycTCH c KOMMyTaTHBHOCbio flHarpaMMbi (2.3.10). 
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2. IlpoHSBefleHHe npeflCTaBJicHHii 


JXnsi Ka}K/],oro i € I, mbi o6T>eflHHHM flnarpaMMbi OToGpajKeHHii (2.3.2), (2.3.10), 
(2.3.9) 

^2 -^ 



Ha paBencTB (2.3.7), (2.3.11) h h 3 paseHCTB (2.3.13), (2.3.15), cjie,nyeT KOMMyia- 
THBHOCTb flHarpaMMbi (3). Cjie.noBaTejibHO, OToOpajKeHne s HBjiaeTca npHBCfleHHbiM 
Mop(|3H3MOM npe^CTaBjieHHii h3 / b g. Corjiacno aaMeaaHHio [4]-2.3.2, OToGpaace- 
HHe s aBjiaeTca roMOMopcJjHBMOM 122 ajireOpti. Corjiacno TCopcMe 2.1.3 h onpe^e- 
acHHio 2.1.1, npHBe.ii,eHHbiii Mop(|)H3M s onpe;i,ejieH oflHOBHaaHO. 

CorjiacHO onpe;i,ejieHHio 2.1.1, npe;i,CTaBjieHHe g h ceMeftCTBO mop(|)H3mob npe.ii,- 
CTaBjienna {ti,i € I) anjiaerca npoH3Be.n,enHeM b Kaxeropnn {Ai*)A2 ■ D 







FjiaBa 3 


TeHsopHoe npoHSBe^eHHe npe^cxaBJieHHH 


3.1. nojiHMop4)H3M npe/i;cTaBJieHHH 

OnPEflEJlEHHE 3.1.1. Ilycmb Ai, An - Q,i-aAze6pu. nycmb Bi, Bn, 
B - n2-ajiae6p'bi. Bycmt, Basi ak)6ozo k, k = 1, n, 

fk '■ Ak -*—^ Bk 

npedcmaeACHue ni-aA8e6pu Ak e fl2-aAae6pe Bk- Bycmb 

f : A B 

npedcmaeACHue i^i-aAgeSpu A e ^l2-aAze6pe B. Omo6paotceHue 


r : Ai X ... X An ^ A R : Bi x ... x Bn ^ B 

Haaueaemcsi nojiHMopcJ)H3MOM npeflCTaBJieHHii fi, ..., fn e npedcmaeAenue 
f, ecAU Baa aki6ozo k, k — 1, ..., n,npu ycAoeuu, nmo ece neptMCHHue KpoMe 
nepeMCHHux ak G Ak, bk € Bk UMemm aadauHoe SHauenue, omo6pacnceHue {r,R) 
ABAAemcA Mop(f)U3MOM npcdcmaeACHUA fk e npedcmaeAenue f. 

Ecau fi = ... = fn, mo MU 6ydeM zoeopumu, nmo omodpacHcenue {r, R) asaa- 
emcA noAUMopf)U3MOM npedcmaeACHUA fi e npedcmaeAenue f. 

Ecau fi = ... = fn = f, mo mu 6ydeM aoeopumu, nmo omodpacHcenue {r,R) 
ABAACmcA noAUMopfju3MOM npcdcmaeACHUA f. □ 

Teopema 3.1.2. Ilycmb omodpacucenue (r, R) AeAAemcA noAUMopfju3MOM nped- 
cmaeACHUu fi, ..., fn e npedcmaeAenue f. Omodpaotcenue {r, R) ydoeAemeopAcm 
paeencmey 

(3.1.1) i?(/i(ai)(TOi),...,/„(a„)(m„)) = /(r(ai, ..., a„))(i?(mi, ..., m„)) 

Ilycmb LOi S f2i(p). JI^aa awOozo k, k = 1, ..., n,omo6paatcenue r ydoeAemeopAem 
paeencmey 

r(^ai,..., ak-i.-.ak-pUJi,..., Un) 

(3.1.2) 

— r((ii,..., Uk-i,Un')...r(^ai ,..., Uk-p,..., an')aji 

Ilycmb u >2 € ^ 2 ip)- /Iaa Awdozo k, k = 1, ..., n,omo6paotceHue R ydoeAemeopAem 
paeencmey 


R{mi,..., mk.i...mk.pUJ2, m„) 

= R{mi, ...,mfc.i, ...,m„)...i?(mi, ...,mfe.p, ...,m„)w2 


^OKASATEJlbCTBO. PaBeHCTBO (3.1.1) cjie^eT h3 onpe;i,ejieHHa: 3.1.1 h pasen- 
CTBa [4]-(2.2.4). PaBencTBO (3.1.2) cjie.ii,yeT h 3 yTBepjK^enHH, hto ^jih jiioGoro k, 
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3. TeHsopHoe npoH3Be/i.eHHe npeflCTaBJieHHft 


k = 1, n,npH ycjiOBHH, hto Bce nepeMenHBie KpoMe nepeMenHofl: Xk £ Ak hmc- 
K)T sa^aHHoe SHaHenne, OTo6pa>KeHHe r aBjiHeTca roMOMopcJjHSMOM f2i-ajire6pBi Ak 
B Oi-ajire6py A. PaBencTBO (3.1.3) cjie^yeT h 3 yTEepacflenna, hto fljia jiio6oro A:, 
fc = 1, ..., n,npH ycjiOBHH, hto Bce nepeMenHBie KpoMC nepeMennon £ Bk HMeiOT 
3a;i,aHHoe 3HaneHHe, OToGpajKenne R anjiaeTca roMOMop(J)H3MOM r22-a-nre6pBi Bk b 
r22-aJire6py B. □ 

OnPEflEJiEHHE 3.1.3. nycmt) A, Bi, Bn, B - ynueepcaA'bHue ajiBe 6 p'bL 
Bycmb djisi Am 6 ozo k, k = 1, n, 

fk '■ A —*^ Bk 

3 (fi(f)eKmueHoe npedcmaeACHue Hi-ayjgefipw Ak e n 2 -aAae 6 pe Bk- Uycrm, 

f : A B 

s^^eKmuenoe npedcmaeACHue D,i-aAge 6 pu A e r22-a^2e6pe B. Omo 6 paotceHue 

r2 : X ... X Bn^ B 

Haaueaemcsi npHBe/i,eHHbiM nojiHMopcJ)H3MOM npe/i,CTaBJieHHH fi, fn e 

npedcmaeACHue f, ecAu Baa Am 6 ozo k, k = \, n,npu ycAoeuu, umo ece nepe- 
MeHHue KpoMB nepcMCHHou Xk £ Bk uMemm aadauHoe SHaueHue, omo 6 pacHceHue R 
ABAAemcA npueedcHHUM mop^usmom npedcmaeAenuA fk e npedcmasAenue f. 

Ecau fi = ■■■ = fn, ino MU 6 ydeM zoeopurm,, umo omo 6 pacHceHue R ASAAemcA 
npueedcHHUM noAUMopfusMOM npedcmaeAenuA fi e npedcmaeACHue f. 

Ecau /i = ... = /„ = /, mo mu 6 ydeM zoeopumu, umo omo 6 paoHzeHue R 
ABAAcmcA npueedcHHUM noAUMopftuzMOM npedcmaeACHUA f. □ 

Teopema 3.1.4. Ilycmt) omo 6 paotceHue R HeAAcmcA npueedeuHUM noAUMop- 
(f)U3M0M 3(f)(f)eKmueHux npedcmaeACHUu f\, ..., fn e afxpcKmueHoe npedcmaeACHue 
f. JfAA ak) 6 ozo k, k = 1, ..., n,omo 6 pacHceHue R ydoeAcmeopAcm paecucmey 

(3.1.4) i?(mi,..., fk{a) o mk, ■.■,mn) = /(«) o i?(mi,..., mn) 

Bycmu 0 J 2 £ fl 2 (j>)- JJaa ak) 6 ozo k, k = 1, ..., n,omo 6 paotceHue R ydoeAemeopAcm 
paecHcmey 

R{mi, ...,mfe.i...mfc.pW 2 , 

= R{mi, ...,mfc.i, ...,m„)...i?(mi, ...,mfc.p, ...,m„)w 2 

)HOKA3ATEJlbCTBO. PaseHCTBO (3.1.4) cjie^eT ns onpe;i,ejieHHa 3.1.3 n paBen- 
CTBa [4]-(2.3.3). PaBencTBO (3.1.5) cjie;i,yeT ns yTEepac^enna, hto fljia jnoGoro k, 
k = 1, ..., n,npH ycjiOBHH, hto Bce nepeMennBie xpoMe nepeMennon mk £ Bk nMeiOT 
aaflannoe 3HaneHne, OToGpajKenne R aBjiaeTca roMOMop(|3H3MOM r22-ajire6pBi Bk b 
I l2-ajire6py B. □ 

Mbi TaKJKe 6 ypfiM roBopniB, hto OToGpaacenne (r, R) aBjiaeTca noanMopiJiHS- 
MOM npeflCTaBjiennn b f22-ajire6pax Bi, Bn b npe^CTaBjienne b f22-ajire6pe B. 
AnajiornnHO, mbi 6y.ii,eM roBopnTB, hto OToGpaacenne R HBaaeTca npnBCflenHBiM 
nojinMop4)n3MOM npeflCTaBjiennn b r22-ajire6pax Bi, ..., Bn b npe^CTaBjienne b 122- 
aare6pe B. 

CpaBnenne onpeflejiennn 3.1.1 n 3.1.3 noKasBiBaex, hto cymecTByex pasnnpa 
MejKfly 3TnMn /i,ByMH (|)opMaMn nojinMopcjinaMa. Oco6eHHO xoponio sto pa3jinnne 




3.1. nOJIHMOp4>H3M npe^CTaBJieHHH 
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BHflHO npH CpaBHeHHH paBCHCTB (3.1.1) H (3.1.4). EcJIH MbI XOTHM HMCTb B03M0JK- 
HOCTb BbipaSHTb npHBe^eHHblH nOJIHMOp4)H3M npeflCTaBJieHHH Hepe3 nOJIHMOp4)H3M 
npeflCTaBjieHHH, to mm ^ojiJKHbi noxpeGoBaTb, flBa ycjiOBHH: 

(1) IIpe^CTaBjieHHe / yHHBepcajibHofi ajire 6 pbi co^epjKHT TOJK/i,ecTBeHHoe npe- 
o6pa30BaHHe 6. CjieflOBaTejibHO, cymecTByex e G A TaKofi, hto /(e) = S. 
He Hapyinaa o 6 mHOCTH, mm nojiOiKHM, hto bm 6 op e € A ne 3 aBHCHT ot 
T oro, KaKoe npeflcxaBjieHHe /i, ..., /„ mm paccMaxpHsaeM. 

(2) /(jia jiioGoro k, k = 1, ..., n, 

(3.1.6) r(ai, ...,an) = Ok Oi = e i^k 
Tor^a, npH ycjiOBHH ai = e, i k, paBencTBO (3.1.1) HMeex bh^ 

(3.1.7) i?(mi,...,/fe(afe) omfc,...,m„) = /(r(e, ..., Ofe,..., e)) o i?(mi,..., m„) 

OaeBHflHO, HTO paBencTBO (3.1.7) coBna/i,aeT c paBencTBOM (3.1.4). 

Hoxoacaa aa^aaa noaBjiaeTca npa anajiHae npHECflenHoro nojiHMop4)H3Ma npe^- 
CTaBjieHHH. Hojibayacb paBencTBOM (3.1.4), mm MoaceM aanacaTb BbipaacenHe 

R(mi,...,fk{ak) omfc,...,//(a/) om;,...,m„) 

R{mi, fkittk) o mfc, ..., /i(aj) omp...,m„) 

=f{ak) o i?(mi, ..., fi{ai) o mi, ...,mn) 

=/(«fe) o (/(«/) oi?(mi,...,mfc,...,m;,...,m„)) 

={f{ak) o f{ai)) o R{mi, ...,mk, 

R{mi,..., fk{ak) omk,...,fi{ai) om;,...,m„) 

=/(«;) o i?(mi,..., /fe(afe) o TOfc, ..., mi,..., m„) 

=/(«;) o (/(afc) o R{mi,...,mk,...,mi,...,mn)) 

=(/(«;) o /(ofc)) o R{mi,..., mk ,..., rni,..., mn) 

OToGpajKeHHH f{ak), fiai) hbjihk)tch roMOMop(|)H 3 MaMH H 2 -ajire 6 pM B. Cjie^o- 
BaTejibHO, OTo 6 pa}KeHHe f{ak) o /(oz) HBjiaeTca tomomopcJjhsmom H 2 -ajire 6 pM B. 
OflHaKO, He BCHKaa r2i-ajire6pa A HMeex xaKofi a (saBHcaninii ot ak tl ai), axo 

/(a) = f{ak)of{ai) 

Ecjih npe^CTaBjieHHe / o^HOTpaHBHXHBHO h ^jih jiio6mx A-micen a, b cyn];e- 
cxByex TI-hhcjio c xaKoe, axo 

(3.1.11) /(c) =/(a) o/(&) 

TO paBOHCTBO (3.1.11) onpe;i,ejiHeT A-ancjio c eflHHCXBeHHMM o6pa30M. CjieflOBa- 
xejibHO, MM MOJKeM onpe.ii,ejiHTb yMnoaceHne 

Cl = oi * bi 


(3.1.8) 
jih6o b BHfle 

(3.1.9) 

jih6o b BH^e 

(3.1.10) 


xaKHM o6pa30M, axo 
(3.1.12) 


f{a*b) = /(a) o/(6) 
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OnPEflEJiEHHE 3 . 1 . 5 . Uycmt) npouseedenue 

Cl = ai * bi 

fiejifiemcsi onepayueu fli-ajiee6p'bi A. Uoaoskum = Hi \ {*}. aki6ou one- 

payuu uj € H(p), yMHOcttccHue ducmpu6ymueHO omHocumcAbHO onepayuA uj 

( 3 . 1 . 13 ) a * {bi-.-bnUj) = {a* bi)...(a * bn)uj 

( 3 . 1 . 14 ) (6i...6„w) * a = {bi* a). ..{bn * a)uj 

Hi-aAge6pa A Haaweaemcjj MyjibTHnjiHKaTHBHoii H-rpynnoii. □ 

OnPEflEJiEHHE 3 . 1 . 6 . Ilycm'b A, B - MyAhmunAUKamuemie fl-zpynnu. Omo6- 
paMccHue 

f-.A^B 

HaaueaemcA MyjibTHnjiHKaTHBHMM, ccau 

f{a*b) = f{a)of{b) 

□ 

Teopema 3 . 1 . 7 . OdHompaH3umu0Hoe npedcmaeACHue MyAtmunAUKamueHou 
VL-zpynnu ABAAcmcA MyAtmunAUKamueHUM omo6pac)HzeHueM. 

^OKASATEJibCTBO. YTBepjKfleHHe sBjiHeTCH cjieflCTBHCM paBencTBa ( 3 . 1 . 12 ) 
H onpe^ejieHHH 3 . 1 . 6 . □ 


O^naKO yTBepjKfleHHC TeopeMbi 3 . 1.7 HeflOCTaTonno, htoGbi ^OKaaaTb paaen- 
CTBO BbipaJKeHHH ( 3 . 1 . 9 ) H ( 3 . 1 . 10 ). 

OnPEflEJIEHHE 3 . 1 . 8 . Ecau 

( 3 . 1 . 15 ) a * b = b * a 

mo MyAtmunAUKamuenaA Q,-zpynna nasueaemcA aGejieBoii. □ 

Teopema 3 . 1 . 9 . Bycmt, 

f : A M 


3^^eKmu6Hoe npedcmasACHue a6eAeeou MyAhmunAUKamuenou Vt-zpynnu A. Tozda 
^ /(flfe) o {f{ai) o i?(mi, ...,mfc, ...,m„)) 

=f{ai) o {f{ak) o R{mi,...,mk,...,mp...,mn)) 


^OKASATEJibCTBO. Hs paBCHCTB ( 3 . 1 . 9 ), ( 3 . 1 . 10 ), ( 3 . 1 . 12 ), ( 3 . 1 . 15 ) cjie^yeT, 

HTO 

/(«fe) o (/(a;) oi?(mi,...,mfc,...,m;,...,m„)) 

=(/(«fe) o /(a;)) o R{mi ,..., nik ,..., mi ,..., mn) 

=f{ak*ai) o R{mi,...,mk,...,mi,...,mn) 

( 3 . 1 . 17 ) 

=f{ai * Ok) o R{mi, ...,mk, ...,mi, 

=(/(«;) ° f{ak)) o R(mi, ...,77ife, ...,mi,..., m„) 

=/(«;) o (/(flfc) o R{mi, ...,mk, ...,mi, ...,m„)) 


Onpe/^ejieHHe MyjibTHnjiHKaTHBHoii 0-rpynni>i noxojKe na onpe/^ejieHHe [6J-2.1.3 O-rpynnbi. 
O^HaKO, r2-rpynna npe;i;nojiaraeT cjio:>KeHHe KaK rpynnoByio onepaii;Hio. /I,jih nac cymecTBeHHO, 
HTO rpynnoBaa onepaLi,HH MyjibTHnjiHKaTHBHoii il-rpynni>i HBJiaeTCH npOH3Be;],eHHeM. KpoMe to- 
ro, onepaLi,HH uj il-rpynnbi /i;HCTpH6yTHBHa OTHOCHTejibHO cjio:aceHHH. B MyjiBTHnjiHKaTHBHoii 12- 
rpynne, npOH3Be;i;eHHe ;i;HCTpH6yTHBHO OTHOCHTejibHO onepai^HH uj . 
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PaBeHCTBO (3.1.16) HBjiHeTca cjieflCTBHeM paBencTBa (3.1.17). □ 

Teopema 3.1.10. Uycmt) A - aScAeeasi MyAhmunjiuKamueHaM il-zpynna. Uycmti 
R - npueedeHHuu noJiuMop^u3M a^^eKmuenux npedcmaeAenuu fi, fn e agS- 
^enmueHoe npedcmaejienue f. Tozda Ojih awOux k, I, k = 1, n, I = 1, 
n, 


(3.1.18) 


R{mi ,..., fk{a) oTOfc, 

= R{mi, o mi, ...,m„) 


^OKASATEJlbCTBO. PaBeHCTBO (3.1.18) HenocpeflCTBeHHO cjie;i,yeT h 3 paseH- 
CTBa (3.1.4). □ 


Teopema 3.1.11. Uycmt, 
A — B\ 


A —*-s- Bo 


A- 


B 


3cj}^eKmueHue npedcmaeACHUH a 6 eAeeou MyAbmunAumKamuenou ^i-zpynnu A e 
VLo-aAzeOpax Bi, Bo, B. Jl^onycmuM n 2 -aAze 6 pa uMcem 2 onepayuu, a umchho 
wi G 122(p); W 2 G floiq)- Heo 6 xoduMUM ycAoeucM cyiyecmeoeaHusi npueedcHHozo 
n0AUM0p(f)U3Ma 

R : Bi X Bo ^ B 

ABAMemcA paecHcmeo 

(3.1.19) {ai.i---ai.qUio)---{ap.i...ap.qU}o)uJi = {ai.i...ap.iLOi)...{ai.q...ap.qLOi)uio 

^OKASATEJIbCTBO. IlycTb fli, ..., Op € i?i, &i, ..., bq € Bo- CorjiacHO paBCH- 
CTBy (3.1.5), BbipajKeHHe 

(3.1.20) R{ai...apU!i,bi...bqUJo) 

MOJKeT HMeTb 2 SHaHeHHH 

R{ai...apU}i,bi...bqUJo) 

= R{ai,bi...bqUJo)---R[ap,hi...bqUJo)u:i 
= {R{ai,bi)...R{ai,bq)uJo).-.{R{ap, bi)...R{ap, bq)uJo)u)i 
R[ai...apUJi,bi...bqUJo) 

= R[ai...apU}i,bi)...R{ai...apU]i,bq)cjo 
= {R{ai,hi)...R{ap, bi)LOi)...{R{ai,hq)...R{ap, bq)LOi)uJo 
Ha paBencTB (3.1.21), (3.1.21) cjiepyeT, hto 

{R{ai,hi)...R{ai,bq)uJo)---{R{ap, bi)...R{ap, bq)LOo)uJi 
= (R(ai,bi)...R{ap, bi)LOi)...{R{ai,hq)...R{ap, bq)u;i)ui 2 

Cjiep,OBaTejibHO, Bbipaacenne (3.1.20) onpep,ejieHHO KoppeKTHO Tor^a h tojibko to- 
r^a, Kor^a paaencTBO (3.1.23) Bepno. Hojiojkhm 

(3.1.24) Qi-j = R{ai,bj) € A 

PaBeHCTBO (3.1.19) aBjiHCTca cjicp^ctehcm paseHCTB (3.1.23), (3.1.24). □ 

Teopema 3.1.12. Cyiyecmeyem npueedcHHuu noAUMop(pu3M a^^cKmuenozo 
npedcmaeACHUA aOcAceou MyAt,munAumKamu3Hou ^l-zpynnu e a6eAeeou zpynne. 

,HOKA3ATEJlbCTBO. HocKOjiBKy onepapHa cjioaceHHa b aGejieBoft rpynne kom- 
MyTaTHBHa h accopnaTHBHa, to TeopcMa aBjiaeTca cjiepcTBHeM TeopcMbi 3.1.11. □ 


(3.1.21) 


(3.1.22) 


(3.1.23) 
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Teopema 3.1.13. He cymecmeyem npueedenmiu noJiuMop^usM 9(fi(fieKmueHo- 
30 npedcmaeACHUR aOeAeeou MyAbmuriAumKamueHou Q-epynn'bi e KOAbye. 

^OKASATEJlbCTBO. B KOJibn,e onpe^ejiCHH onepaiinn: cjiojKemie, KOTopoe 
KOMMyTaTHBHO H aCCOpHaTHBHO, H npOHSBefleHHe, KOTOpOe flHCTpnGyTHBHO OTHO- 
CHTCJiBHO cjiojKeHHH. CoBjiacHO TeopeMB 3.1.11, ecjiH cyipecTByeT nojiHMop4)H3M 
3(|3(J)eKTHBHOrO HpeflCTaBJieHHH B KOJIbpO, TO CJIOJKeHHe H npOH3BefleHHe flOJIJKHbl 
yflOBJieXBOpHTB paBCHCTBy 

(3.1.25) 01.102.1 + 01 . 2 O 2.2 = (oi.i + ai.2)(a2.i + 02 . 2 ) 

OflHaKO npasaa nacTb paBencTBa (3.1.25) HMeex bh^ 

(oi.l + Oi. 2 )(a 2.1 + O 2 . 2 ) = (oi.l + 01 . 2 ) 02.1 + (oi.i + 01 . 2 ) 02.2 

= O 1 . 1 O 2 .I + O 1 . 2 O 2 .I + 01.102.2 + O 1 . 2 O 2.2 

Cjie,zi,OBaTejibHO, paBencTBO (3.1.25) ne Bepno. □ 

BonPOC 3.1.14. Bosmomcho, huio noAUMop^usM npedcmaeAenuu cytyecmey- 
em moAbKo Oaa o^ApenmueHozo npedcmaeAenuA e AGeAeeaA zpynne. OdnaKo omo 
ymeepofcdenue noKa ne doKasano. □ 


3.2. KoHrpy3Hii,HH 

Teopema 3.2.1. Hycmb N - omuomeHue OKeusaAeumHocmu na MHootcecmee 
A. PaccMompuM Kamezopum A oO'seKmaMu Komopou AeAAwmcA omo6paoKeHUM^ '^ 


fi'A—>-Si ker fi^N 

f2:A^S2 ker/2 3 AT 


Mu onpedeAUM Mop^usM fi —^ /2 kok omo 6 paoKeHue h : Si ^ S2, <)am Komopozo 
KOMMyrnamuena duazpaMMa 


Si 



S2 


Omo6paoKeHue 


nat N •. A ^ A/N 

MBAACmcA ynueepcaAbHO ommaAKueamiyuM e Kamezopuu A. 


^'^yTBep^K/ieHHe jieMMti aHajiorHMHO yTBep^K/ieHHio na c. [l]-94. 
^'^Onpe/iejieHHe yHHBepcajiBHoro obBCKTa CMOxpH b onpe/iejieHHH na c. [l]-47. 
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^OKASATEJlbCTBO. PaccMOTpHM flHarpaMMy 

A/N 



(3.2.1) keif an 

Ha yTsepjK^eHHH (3.2.1) h paBencTBa 

j{ai) = j(«2) 

cjie/iyeT 

/(ai) = /(a2) 

Cjie;i,OBaTejibHO, mm Mo:aceM o;i,H03HaHHO onpe;i,ejiHTb OTo6pa:aceHHe h c noMOipbio 
paBencTBa 

Km) = fib) 

□ 


Teopema 3.2.2. nycrn-b 

f : A B 

npedcmaeJieHue Q,i-ajize6pu A e H2-aAze6pe B. Uycmh N - manafi Kompysnyusi^'^ 
Ha Q,2-aAze6pe B, umo Am6oe npcoOpaaoeanue h € *B cozAacoeauHo c KOHzpyan- 
yuevL N. Cymecmeyem npedcmaeAenue 

fi : A B/N 

D,\-aAze6pu A e H2-ayi3e6pe B/N u omo6paoK.eHue 

nat N ■. B ^ B /N 

ABAAemcA npueedcHHUM MopftuzMOM npedcmaeABHUA f e npedcmaeAenue fi 


B 


■ B/N j = nat N 


* * 

/\ //i 

A 


^OKASATEJlbCTBO. JI1060H ajiCMCHT MHOxecTBa B/N Mbi MOJKeM npe;i,CTa- 
BHTb B BH^e j(a), a G B. 

CorjiacHO TeopcMC [9]-II.3.5, mbi MOxeM onpe^ejiHTb eflHHCTBenHyio CTpyKTypy 
H2-ajire6pbi na MHOJKecTBe B/N. Ecjih w G H2(p), to mbi onpe^ejinM onepapnio lj 
na mhojkoctbc B/N corjiacno paaencTBy (3) na CTpanHpe [9]-73 

(3.2.2) j{bi)...j{bp)u} = j{bi...bpUj) 

TaKJKC KaK B flOKaaaTejiBCTBe TCopeMBi [4]-2.2.16, mbi mojkom onpeflCJiHTB 
npe^cxaBjieHHe 

/i :A—*^ B/N 


3.4 


'CMOTpH onpe;i;ejieHHe KOHrpy3Hii;HH na c. [9]-71. 
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3. TeHsopHoe npoH3Be/i.eHHe npeflCTaBJieHHft 


C nOMOmbK) paBCHCTBa 


(3.2.3) fi{a)oj{b)=j{f{a)ob) 

PaBeHCTBO (3.2.3) mojkho npe^CTasHTb c noMombio ^HarpaMMbi 

(3.2.4) B - - - ^B/N 


f{o-) 


B 


/i(a) 

B/N 


IlycTb u! G D, 2 {p)- TaK KaK OToGpajKenHH /(a) h j HBjiaroTca roMOMop(|3H3MaMH 
r22-ajire6pbi, to 


/i(a) o Uibi)---j{bp)oj)= fi{a)oj{bi...bpUj) 

= j{f{a) o {bi...bpuj)) 

(3.2.5) = j((/(a) o 6i)...(/(a) o bp)w) 

= j(/(a) o6i)...j(/(a) o6p)w 
= o j{bi))-{fi{a) o j{bp))u} 

Ha paBOHCTBa (3.2.5) cjie;i,yeT, axo oxoGpajKeHae /i(a) aBaaexca tomomopcJjhsmom 
r22-ajire6pbi. Hs paBencTBa (3.2.3) a [4]-2.3.2, cjieflyex, axo OToGpaaceHHe j aB- 
jiaexca npHBe^eHHbiM mop4)H3mom npe^CTaBjieHaa / b npe^CTaBjieHae /i. □ 

Teopema 3.2.3. Ilycmb 

f : A B 

npedcmaeJieHue rii-ajizebpu A e D,2-aA3e6pe B. Uycmb N - manasi Kompyanyusi 
Ha ^ 2 -o.Jize 6 pe B, umo Awboe npeobpaaoeaHue h G *B cozjiacoeaHHo c Kompyanyu- 
eu N . PaccMompuM Kamezopum A obsenmaMU Komopou nejisimmcsi npueedennue 
Mop(fiu3MU npedcmaeAenuu^'^ 


Ri-.B^Si keri?iDiV 


R 2 '■ B ^ S 2 ker R 2 A N 

zde Si, S 2 - ri2-ayi3e6pw u 


gi : A —*—^ Si 


g2 ■ A —* —s- S 2 


npedcmaeJiCHusi Qi-aAze6pu A. Mu onpedejiuM Mop^u3M Ri —> R 2 Kan npuee- 
deHHUu Mop^u3M upedcmaeJiCHUu h : Si ^ S 2 , dAsi Komopozo KOMMyrnamuena 
duazpaMMa 



^■^yTBep?K.z^eHHe jieMMbi anajiorHMHO yxBepjK/^eHHio na c. [l]-94. 
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UpueedeHHuu Mop(pu3M nat N npedcmaejieHusi f e npedcmaejitnue fi (meopcMa 
3.2.2) HBAsiemcsi ynueepcaJitHo ommaAKueamiu,uM e Kameeopuu A. 

^OKASATEJIbCTBO. CymeCTBOBaHHC H eflHHCTBeHHOCTB OToGpajKeHHH /l, flJIH 
KOToporo KOMMyTaTHBHa ^HarpaMMa 



cjie^eT H3 TeopeMbi 3.2.1. Cjie^OBaTejibHO, mbi mojkom o^HoanaHHO onpe^ejiHTb 
OTo6pajKeHHe h c noMombio paaencTBa 

(3.2.6) h{j{b)) = R{b) 

IlycTb oj S 112 (p)- Tax Kax OTo6pa}KeHHH i? h j hbjihiotch roMOMopcJsHSMaMH 
ll2-aJire6pBi, to 


(3.2.7) 


= h{j{bi...bpUj)) 

= R{bi...bpUi) 

= R{bi)...R{bp)uj 
= Ki{bi))...h{j{bp))u: 


Ha paBOHCTBa (3.2.7) cjiepyeT, hto OToGpajxeHHe h HBjiaeTca roMOMop(|3H3MOM 122- 
ajire6pbi. 

Tax xax OTo6pajxeHHe R aBjiacTca npHBe^eHHBiM MopeJanaMOM npe^cxaBjieHHa 
/ B npe^CTaBjieHHe p, to Bepno paseHCTBO 

(3.2.8) g{a){R{b))=Rif{a){b)) 


Ha paBOHCTBa (3.2.6) cjiep,yeT 

(3.2.9) g{a){h{j{b))) = g{a){R{b)) 

Ha paBOHCTB (3.2.8), (3.2.9) cjie^yeT 

(3.2.10) giamjib))) = Rif (am) 

Ha paBOHCTB (3.2.6), (3.2.10) cjie^yeT 

(3.2.11) gia)ihijib))) = /i(j(/(a)(6))) 

Ha paBOHCTB (3.2.3), (3.2.11) cjiep,yeT 

(3.2.12) gia)ihijib))) = /i(/i(a)(j(6))) 

Ha paBOHCTBa (3.2.12) cjiep,yeT, hto OToOpaacenae h aBjiaeTca npHBep,eHHbiM Mop- 
4)H3 mom npe^CTaBjieHHa /i b npe^CTaBjieHae g. □ 


^'*^Onpe/^ejieHHe yHHBepcajibHoro 06 'i.eKTa CMOxpH b onpe/^ejienHH na c. [l]-47. 
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3. TeHsopHoe npoH3Be/i.eHHe npeflCTaBJieHHft 


3.3. TeHsopHoe npoH3Be/i;eHHe npe/i;cTaBJieHHH 

OnPEflEJiEHHE 3.3.1. Ilycmt) A aeAfiemcsi a 6 eAeeou MyAtmuriAUKamueHOu 
rii-zpynnou. Ilycmb Bi, Bn - ^ 2 -<iA 3 e 6 pu.^'’^ Ilycmb Oaa a’H)6ozo k, k = \, 
n, 

fk ■ A Bk 

s^^eKmuoHoe npedcmaeAenue MyAbmunAUKamueHou VLi-zpynnu A e U, 2 -aAze 6 pe 
Bk. PaccMompuM Kamezopum A odbenmaMu Komopou sieAAmmcA npueedennue no- 
AUMop(pu3MU npedcmaeABHUu fi, fn 

ri : Bi X ... X Bn -^ r 2 : Bi x ... x Bn -^ S '2 

zde Si, S 2 - Vl 2 -aAze 6 pu u 

gi : A Si 92 ■ A S 2 

3 <f)<f)eKmueHue npedcmaeACHUA MyAbmunAUKamueHOu ili-zpynnu A. Mu onpede- 
AUM Mop(pu3M Ri — >■ R 2 KaK npueedcHHuu Mop^u3M npedcmaeACHuu h : Si ^ S 2 , 
dAA Komopozo KOMMyrnamuena duazpaMMa 



YnueepcaAbHuu o6seKm i?i 0 ... (g) i?„ Kamezopuu A Ha3ueaemcA TeHsopHBiM 
npoH3Be;],eHHeM npedcmaeACHuu Bi, ..., Bn- □ 

Teopema 3.3.2. Ecau meH3opHoe npou3eedeHue s^ipeKmuenux npedcmasAe- 
Huu cyipecmeyem, mo meH3opHoe npou36edeHue onpedeAcno odH03HaHHO c mouHO- 
cmbw do u30Moppu3Ma npedcmaeACHUu. 

^OKASATEJlbCTBO. IlycTb A aBjiHeTca aGejieBoii MyjiBTHnjiHKaTHBHOfi Hi-rpyn- 
noii. IlycTB Bi, ..., Bn - r22-aare6pbi. IlycTb fl/in aio6oro k, k = 1, ..., n, 

fk ■ A Bk 

34x]DeKTHBHoe npe;i,CTaBjieHHe MyjiBTHnjiHKaTHBHOii Hi-rpynnbi A b f22-ajire6pe Bk. 
IlycTB 34)(|)eKTHBHbie npe;i,CTaBjieHHa 

gi : A Si 92 - A S 2 

^■^51 onpe^ejiHK) xensopHoe npoHSBe^eHHe npeflCxaBJieHHH yHHBepcajiBHOH ajire6pbi no anajio- 
THH c onpe^ejieHHeM b [1|, c. 456 - 458. 
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HBJIHIOTCH TeH30pHbIM npOH3Be/l,eHHeM npe/l,CTaBJieHHH Bi, Bn- H3 KOMMyxaTHB- 
HOCTH ;i,HarpaMMBI 


(3.3.1) 


cjie^eT, HTO 

(3.3.2) 



Ri = h2 o hi o Ri 

i?2 = /li o / l2 O R2 


H3 paBencTB (3.3.2) cjieflyeT , hto mopcJdhsmbi npe^CTaBjieHHH hi o /12, /12 o 

HBJIHIOTCa TOJKfleCTBeHHbIMH 0T06pa } KeHHHMH . CjICflOBaTejIBHO , MOpejDHSMBI npefl - 
CTaBJieHHH hi, / l2 HBJIHIOTCH HSOMOpcjjHSMaMH . □ 


CorjlAUlEHHE 3.3.3. AAze6pu Si, S2 Mozym h-bimb pasAunnuMu MHocucecmea- 
Mu. OdnaKO ohu nepasAunuMU Bar nac, ecAU mu paccMampueacM ux kuk u30Mop<f)- 
Hue npedcmaeACHUR. B 3moM cAynae mu 6ydeM nucamt> Si = S2- D 


OnPEflEJiEHHE 3.3.4. Tenaopnoe npouaeedenue 


(g)... (8)B„ Bi = ... = Bn= B 

HaaueaemcR TeHsopHoft CTeneHbio npedcmaeACHUR B. □ 

Teopema 3.3.5. Ecau cyiu,ecmeyem noAUMop^uaM npedcmaeAenuu, mo men- 
aopHoe npouaeedenue npedcmaeAenuu cymecmeyem. 

flOKASATEJIbCTBO. IlyCTb 

/ : A M 

npe^CTaBjieHHe f2i-ajire6pbi A, nopojK^eHHoe fleKapTOBbiM nponsBefleHneM Bi x 

... X Bn MHOHCeCTB Bi, ..., Bn-^'^ Hn'beKpHH 

i : i?i X ... X Bn -^ M 

onpeflejiena no npaBHjiy ^ ^ 

(3.3.3) i o ibi,bn) = {bi,bn) 

IlycTb N - OTHomenne SKBHBajieHTHOCxn, nopoac/ienHoe paBencTBaMH 

(3.3.4) (bii bi-i-'-bi-pio,bn) — (bi, •••, bi-i, •••, bn)•• - (bi ,..., bi.p,bn)io 

(3.3.5) {bi,..., fiia) o bi,..., bn) = f{a) o {bi,..., bi,..., bn) 


^'^CorjiacHO TeopeMaM 2.1.3, 2.3.2, MHOjKecxBO, nopojK/i,eHHoe npHBe.i],eHHbiM flexapTOBBiM npo- 
HSBe^eHHeM npe;i;cTaBJieHHH .Bi, Bn coBna^aex c ^eKapTOBbiM npOHsae^enHeM Bi X ... X Bn 
MHo:McecTB Bi, ..., Bn- B 3TOM MBCTe ^^OKasaTCJibCTBa nac He HHTepecyex ajire6paHHecKaH CTpyx- 
Tpa Ha MHOHcecTBe Bi x ... x Bn- 

^■^PaBeHCTBO (3.3.3) yTBep:ac^aeT, hto mbi OTo:ac^ecTBJiHeM 6a3HC npe;i;cTaBJieHHH M c MHOHce- 
CTBOM Bl X ... X Bn- 

51 paccMaTpHBaio 4>opMHpOBaHHe sjieMeHTOB npe;],CTaBJieHHH h 3 sjieMeHTOB 6a3Hca corjiacHO 
TeopeMe [4|-2.6.4. TeopeMa 3.3.11 Tpe6yeT BbinojiHeHHH ycjiOBHH (3.3.4), (3.3.5). 
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(3.3.6) 


bk€Bk k = l,...,n b^.i, ...,b^.p £ Bi uj £ Vt 2 {p) a£A 

JIemma 3.3.6. Uycmb uj £ Vt 2 {p). Tozda 

f{c) o (6i,..., bi-i—bi-pUJ ,..., bn) 

=/(c) o ((6i,..., bi.i ,..., b„)...{bi ,..., bi.p ,..., bn)uj) 
^OKASATEJibCTBO. Hs paBCHCTBa (3.3.5) cjie;i,yeT 

(3.3.7) /(c) o (6i,..., bi.l...b^.pUJ ,..., &„) = (6i,..., /^(c) o {bi.i..M pUj ),..., &„) 

Tax KaK fi{c) - SHflOMopejDHSM 02-aJire6pbi Bi, to h 3 paaencTBa (3.3.7) cjie;i,yeT 

(3.3.8) /(c) o (bi ,..., bni-bi-pUJ ,..., bn) = (6i,..., (/i(c) o bi.i)...{fi{c) o bi.p)u !,..., bn) 
Ha paBOHCTB (3.3.8), (3.3.4) cjie^yex 

/(c) o (6i,..., bi.i...bi.pU !,..., 6„) 

= (6i,..., /j(c) o ..., &„)...(6i,..., /i(c) o ..., 6„)w 

Hs paBOHCTB (3.3.9), (3.3.5) cjie^yeT 

/(c) o (5i,..., bni-bi-pto ,..., 6„) 

= (/(c) o (^ 1 , bi-i ,..., 6„))...(/(c) o (6i,..., ..., 6„))a; 

Tax KaK /(c) - 3HflOMop(|)H3M f22-ajire6pbi B, to paBcncTBO (3.3.6) cjieflyeT h 3 
paBOHCTBa (3.3.10). © 

JIemma 3.3.7. 

(3.3.11) /(c) o (6i,..., fi{a) o bi ,..., bn) = /(c) o (/(a) o (6i,..., 6^,..., bn)) 

//OKASATEJibCTBO. Hs paBOHCTBa (3.3.5) cjie;i,yeT, bto 

/(c) o (6i,..., f,{a) o 6,,..., bn) = (6i,..., /i(c) o (/,(a) o 5^),..., 6„) 

= (fci, (/i(c) o f,{a)) o bi, ..., bn) 

= (/(c) o/(a)) o {bi,...,b„...,bn) 

= f{c)o{f{a)o{bi,...,bi,...,bn)) 

PaBOHCTBO (3.3.11) cjie^yeT h 3 paaencTBa (3.3.12). 0 

JIemma 3.3.8. awSozo c £ A andoMop^usM /(c) Vt 2 -aAze 6 pu M cozAaco- 
eano c 9 KeueaAeHmHocm'bm N. 


(3.3.9) 


(3.3.10) 


(3.3.12) 


//OKABATEJlbCTBO. yTBepjKflCHHe jieMMbi cjieflyeT h3 jiomm 3.3.6, 3.3.7 h onpe- 
flejieHHH [4]-2.2.14. 0 


3.3. TeHsopHoe npoHssefleHHe npe^cTaBJicHHii 
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Ha jieMMbi 3.3.8 h TeopeMbi [7]-3.2.15, cjieflyeT, hto hr MHOJKecTBe *M/N 
onpe^ejieHa r2i-ajire6pa. PaccMOTpHM /i,HarpaMMy 



CorjiacHO jieMMe 3.3.8, h 3 ycjiOBHH 

j obi=j o 62 


cjie^ex 

j o (/(a) 061) =jo (/(a) 062) 

Cjie^OBaTejibHO, npeo6pa30BaHHe F{a) onpe^ejieHO KoppeKTHO h 
( 3 . 3 . 13 ) F{a)o j = j o f{a) 

EcJIH UI S Ql{p), TO MBI nOJIOJKHM 

{F{ai)...F{ap)uj) o (J o 6) = J o ((/(ai).../(ap)a;) o b) 

Cjie.HOBaTejibHO, OTo6pa>KeHHe F aBjiHOTca npe;i,CTaBjieHHeM Hi-ajire6pbi A. Ha 
( 3 . 3 . 13 ) cjie^nyeT, axo j aBjiaexca npHBe^eHHbiM mop 4 )H 3 mom npeflcxaBjieHHft / a 
F. 

PaccMOxpHM KOMMyxaTHBHyK) flaarpaMMy 



Ha KOMMyTaxaBHOCxa ^aarpaMMbi ( 3 . 3 . 14 ) a paBeacxBa ( 3 . 3 . 3 ) cae;i,yeT, axo 
( 3 . 3 . 15 ) gi o (61,..., bn) =30 (61,..., bn) 

Ha paBeacxB ( 3 . 3 . 3 ), ( 3 . 3 . 4 ), ( 3 . 3 . 5 ) cjie^yex 

gi o {bi,...,bi.i...bi.puj,...,bn) 

= (ffi ° (^1, bi-i ,..., bn))...{gi o (61,..., b^.p ,..., bn))uj 

9 i o {bi,-;fi{a) obi,...,bn) = /(a) o {gi o ( 5 i,..., 6^,..., 6„)) 

Ha paBeacxB ( 3 . 3 . 16 ) a ( 3 . 3 . 17 ) cae^yex, axo oxo6paaceaae gi aBjiaexca npaBeflea- 
abiM aojiBMop(|)B 3 MOM npeflcxaBjieaaa /i, ..., /„. 


( 3 . 3 . 16 ) 

( 3 . 3 . 17 ) 
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3. TeHsopHoe npoH3Be/i.eHHe npeflCTaBJieHHft 


IIocKOjibKy i?i X ... X Bn - 6a3HC npe^CTaBjieHHH M f2i-ajire6pM A, to, corjiacno 
xeopeMe [4]-2.7.7, ^jih jiio6oro npeflcxaBjieHHH 


H jiioGoro npHBe^eHHoro nojiHMopcjaHSMa 


32 : Si X ... X Bn - 


cymecTByeT eflHHCTBCHHbiH mop4)H3m npe^CTaBjieHHii k : M ^ V, ^jih Koxoporo 
KOMMyxaxHBHa cjieflyioinaa ^unarpaMMa 


(3.3.18) 



V 


Tax KaK 32 - npHBe^eHHBiH nojiHMop4)H3M, xo ker k A N. 

CorjiacHO xeopeMe 3.2.3 oxoGpaaceHHe j yHHBepcajiBHO b KaxeropHH Mopcjano- 
MOB npe^cxaBjieHHH /, a^po KOxopBix co^nepacax N. CjieflOBaxejiBHO, onpe^eaen 
Mop(|3H3M npeflcxaBaeHHH 

h : M/N V 

flaa KOxoporo KOMMyxaxHBHa ^narpaMMa 


(3.3.19) M/N 



06x>e/];HHaa /i,HarpaMMbi (3.3.14), (3.3.18), (3.3.19), noayaHM KOMMyxaxHBHyio 
^arpaMMy 



Tax KaK Im 3 i nopoxflaex M/N, xo oxo6pa}KeHHe h oflHOOHaaHO onpefleaeno. □ 


CoraacHO ;i,OKa3axeaBCXBy xeopeMBi 3.3.5 

Si 0 ... 0 S„ = M/N 
JXnn di S Ai Qyp,em sanHCBiBaxB 

(3.3.20) j o (di,..., dn) = di 0 ... 0 d„ 
Hs paBCHCTB (3.3.15), (3.3.20) cae^yex, axo 

(3.3.21) 3 i o (di,..., dn) = di 0 ... 0 dn 
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Teopema 3.3.9. Omo6paoKeHue 

{xi,...,Xn) G i?l X ... X Bn ^ Xi 
fiejifiemcsi noAUMop^usMOM. 


>Xn € Bi 


i B„ 


^OKASATEJibCTBO. TeopeMR HBjiaeTCH cjie^CTBHeM onpeflejieHHit 3.1.3, 3.3.1. 

□ 

Teopema 3.3.10. Bycmt) Bi, Bn - VL 2 -aAze 6 pu. nycmt> 

f I B-^ X ... X Bn —^ Hi ^ ® Bn 

npueedcHHuu noAUMop^usM, onpedeAennuu paeeHcmeoM 
(3.3.22) f o{bi,...,bn) = bi® ...®bn 

Uycmt) 

g : Bi X ... X Bn ^ V 

npueedeHHuu noAUMop^usM e U, 2 -aAze 6 py V . Cymecmeyem Mop^usM npedcmae- 


h : Hi 


manou, umo duazpajviMa 



Hi X ... X H 


KOMMymamuBHa. 

,iHOKA3ATEJlbCTBO. PaBeHCTBO (3.3.22) cjie^yeT h 3 paseHCTB (3.3.3) h (3.3.20). 
CymecTBOBaHHe OToOpaiKenHa h cjie^eT h 3 onpeflejienHa 3.3.1 h nocTpocHHit, bbi- 
nojineHHBix npn flOKa3aTejiBCTBe TeopeMbi 3.3.5. □ 

Teopema 3.3.11. Bycmt, 

bk & Bk fc = l,...,n bi-i, ...,bi.p G Bi to G ^2{p) aGA 
TcHsopHoe npouaeedcHue ducmpubyrnueno omnocumeAtHo onepayuu ui 

bi ® ... 0 {bi.i...bnpU}) 0 ... 0 bn 
={bi 0 ... 0 bi.i 0 ... 0 bn)...{bi 0 ... 0 bi.p 0 ... 0 bn)uj 
BpedcmaeACHue MyAt>munAUKamueHou ^i-zpynnu A e menaopHOM npouseedenuu 


(3.3.23) 


onpedcACHO paecHcmeoM 
(3.3.24) bi ® ... ® {fi{a) obi) < 


bn = f{a) o (6i 


I bi 0 ... 0 bn) 


,HOKA3ATEJlbCTBO. PaBeHCTBO (3.3.23) HBjiaeTca cjieflCTBHeM paBencTBa 
(3.3.16) H onpeflejieHHH (3.3.21). PaBencTBO (3.3.24) aBjiaeTca cae^CTBiieM paBCH- 
CTBa (3.3.17) H onpeflejieHHH (3.3.21). □ 
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3. TeHsopHoe npoH3Be/i.eHHe npeflCTaBJieHHft 


3.4. Accori;HaTHBHOCTb TensopHoro npoHSBefleHHH 

IlycTij A HBjiHeTCH MyjibTHnjiHKaTHBHOH fil-rpynnofi. IlycTb Bi, B2, B3 - ^2- 
ajire6pbi. IlycTb fl/in fc = 1, 2, 3 

fk '■ A — Bk 

3(|)cjDeKTHBHoe npe;i,CTaBjieHHe MyjibTHnjiHKaTHBHOii rii-rpynnbi A b f22-ajire6pe Bk- 
JTemma 3.4.1. sadaHHozo sHaueHUJi € B^, omo6paaKeHue 

(3.4.1) h\2 ■ {Bi 0 B2) X i?3 —>■ Bi 0 B2 0 B^ 
onpedejiCHHoe paeeHcmeoM 

(3.4.2) /ii2(a:i 0 X2, X3) = xi 0 a;2 0 3^3 

ReAHtmcsi npueedcHHUM Mop(fiu3MOM npedcmaejicnusi Bi® B 2 e npedcmaejicnue 
Bi 0 B2 0 i?3 . 

^OKASATEJlbCTBO. CorjiacHO TeopeMe 3.3.9, fljia aa^nanHoro snaHeHHH X3 € 
B3 , OTo6pa5KeHHe 

(3.4.3) (a;i,X2,X3) & Bi x B2 x B3 ^ xi ® X2 ® X3 & Bi ® B2 ® B3 

HBjiaeTCH nojiHMop4)H3MOM no nepeMennbiM xi € Bi, X2 G i?2- Cjie^noBaTejiBHO, 
fljiH aaflannoro ananenna X3 € B3, jieMMa aanaeTca cjie.ii,CTBHeM TeopeMbi 3.3.10. 

□ 

JIemma 3.4.2. JJaji aadauHozo SHaueHUM X12 & Bi ® B2 omo6pacHceHue /112 
sieMHemcsi npueedennuM Mop^usMOM npedcmaeACHUH B3 e npedcmaeAenue Bi 0 
B2® B3 . 

,HOKA3ATEJlbCTBO. CorjiacHO TeopoMe 3.3.9 n paaencTBy (3.3.21), ^aa aa^an- 
Horo ananenna Xi € Bi, X2 & B2, OToOpaacenne 

(3.4.4) (xi 0 X2,X3) G Bi X B2 X B3 ^ xi 0 X2 0 X3 G Bi 0 B2 0 B3 

aBaaoTca Mop4)HaMOM no nepeMennon X3 G B3. Cae^nonaTeabno, leopeMa anaa- 
OTca cae^ncBneM TeopeM 3.1.10, 3.1.11. □ 

JIemma 3.4.3. Cymecmeyem npueedennuu MopcjiusM npedcmaeAenuu 

h:{Bi0 B2) 0B3^ B10B20B3 

,I(OKA3ATEJlbCTBO. CoraacHO aoMMaM 3.4.1, 3.4.2 n onpe;i,eaeHHK) 3.1.3, oto 6- 
paacenne /112 anaaoTca npHBe^ennbiM noaHMop(|)HaMOM npe;i,CTaBaeHHH. YiBep- 
ac,ii,eHHe aeMMbi anaaoTca cae^ncTBHeM TeopeMbi 3.3.10. □ 

JIemma 3.4.4. Cyipecmeyem npueedenHuu Mop^usM npedcmaeAcnuu 

g : Bi 0 B2 0 B3 ^ {Bi 0 B2) 0 B3 

,HOKA3ATEJlbCTBO. OTo6paacenHe 

{xi,X2,X3) G Bi X B2 X B3 ^ {xi 0 X2) 0x3 G [Bi 0 B2) 0 B3 

anaaeTca noanMopcJiHaMOM no nepeMennbiM xi G Bi, X2 G B2, X3 G B3. Cnepp- 
BaTeabHO, aeMMa anaaeTca cae^ncxBneM xeopeMbi 3.3.10. □ 

Teopema 3.4.5. 

(3.4.5) 


{Bi 0 B2) 0B3 = Bi0 {B2 0 B3) = Bx0 B20 B3 


3.4. Accoi];naTHBHOCTi> TensopHoro npoMSBe^eHHa 
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^OKASATEJlbCTBO. CorjiacHO jieMMe 3.4.3, cymecTsyeT npHBefleHHbifi Mop- 
4)H3m npe,zi,CTaBjieHHH 


h: {Bi® B 2 ) ® Bz ^ Bi® B 2 ® B-i 

CorjiacHO jieMMe 3 . 4 . 4 , cyipecTByeT npHBe^eHHBiH mop 4 )H 3 m npe;i,CTaBjieHHH 
g : Bi ® B 2 0 i?3 —>■ {Bi ® B 2 ) 0 B 3 

Cjie,zi,OBaTejibHO, npHBeflenHBie Mop4)H3Mbi npeflCTaBjienHH h, g aBjiHiOTCH H30M0p- 
4)H3MaMH, OTKyfla cjieflyeT paaencTBO 

( 3 . 4 . 6 ) (Bi 0 B2) 0B3 = B10B20B3 

AHajiorHHHO mbi MOJKeM flOKasaiB paBencTBO 

Bi 0 {B2 0 B3) = B10B20B3 


□ 


Samemahhe 3.4.6. Oueeudno, nmo cmpyKmypa U, 2 -aJize 6 p {Bi 0 B 2 ) 0 B 3 , 
Bi 0 B 2 0 B 3 cJiezKa pasAunna. Mu sanucueaeM paeencmeo (3.4.6), onupanct na 
cozAamenue 3 . 3.3 u amo noseoAAem hum zoeopumt> 06 accoyuamueHOcmu menaop- 
Hozo npouaeedeHUM npedcmasAenuu. □ 



FjiaBa 4 


D-Mo^yjib 


4.1. Moflyjlb Ha/i; KOMMyTaTHBHMM KOJIbLI,OM 
Teopema 4.1.1. Uycmh KOAbyo D uMeem edunui^y e. UpedcmaeAenue 

f : D 1^ 

KOAt>y,a D e a6eAeeou zpynne A acJxJjeKTHBHO mozda u moAtKo mozda, Kozda U3 
paeeHcmea f{a) =0 cjiedyem a = 0. 

^OKASATEJlbCTBO. CyMMa npeo6pa30BaHHH fug aGejieBoli rpynnbi onpe^e- 
jiHBTCH corjiacHO npaBHjiy 

{f + 9){a) = f{a)+g{a) 

nosTOMy, paccMaTpHBaa npe/i,CTaBjieHHe KOJitpa D b aGejieBoii rpynne A, mbi no- 
jiaraeM 

/(a + b){x) = f{a){x) + fib){x) 

Ecjih a, b € R nopo>KflaiOT o^ho h to jkb npeo6pa30BaHHe, to 

(4.1.1) f{a)om = f{b)om 

^jiH jiio6oro m G A. Ha paaencTBa (4.1.1) cjieflyeT, hto a — b nopojK^aeT nyjieBoe 
npeo6pa30BaHHe 

/(a — b)om = 0 

3jieMeHT e + a — b nopojK^aeT TOJK^ecTBennoe npeo6pa30BaHHe. Cjie^OBaTejibHO, 
npe/i,CTaBjieHHe / acJxjDeKTHBHO Tor^a h tojibko Tor^a, Kor^a a = b. □ 

OnPEflEJlEHHE 4.1.2. 9f)f)eKmueHoe npedcmaeAenue KOMMymamueHozo KOAb- 
ii,a D e aScACeou zpynne V 

(4.1.2) f:D-*^V f{d):v^dv 

HasueaemcM MOflyjieM na^ kojibu,om D uau D-MOfxyjiem. □ 


Teopema 4.1.3. SAeMenmu D-ModyAH V ydoeAemeopsimm coomnomeHUAM 

• SaKOHy aCCOU,HaTHBHOCTH 

(4.1.3) {ab)m = a{bm) 

• SaKOHy /I,HCTpH6yTHBHOCTH 

(4.1.4) a{m + n) = am + an 

(4.1.5) (a + b)m = am + bm 

• SaKOHy yHHTapHOCTH 

(4.1.6) Im = m 
dAA Awdux a, b € D, m, n € V. 
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4 . D-Moj]yjih> 


^OKASATEJlbCTBO. PaBeHCTBO (4.1.4) cjiCflyeT h 3 yTBepjK^eHHH, bto npeo6- 
pasoBaHHe a HBjiHeTca SHflOMopejDHSMOM aGejieBoii rpynnbi. PaseHCTBO (4.1.5) cjie- 
^eT H3 yTBCpJK^eHHH, HTO npe^CTaBJICHHe (4.1.2) HBJIHeTCH rOMOMOp4)H3MOM afl- 
^THBHOii rpynnbi KOjibpa D. PanencTBa (4.1.3) n (4.1.6) cjie^yiOT h 3 yTBepjKflennH, 
HTO npe^CTaBiienne (4.1.2) aBjiaeTCH jieBOCToponnHM npe^CTaBjirnneM MyjibTnnjin- 
KaTHBnoii rpynnbi KOjibpa D. □ 


Teopema 4.1.4. MnoMcecmeo ecKmopoe, nopootcdenHoe MuomcecmeoM eeitmo- 
po6 V = (vi G V,i G I) uMeem eud 


(4.1.7) 


J{v) = 


i&I 


^OKASATEJlbCTBO. Mbi ;i,OKa>KeM TeopcMy no HHflyKpHH, onnpancb na Teo- 
peMy [4]-2.6.4. 

IlycTb fc = 0. Corjiacno Teopeme [4]-2.6.4, Xq = v. ^jih npoH3BOJibnoro 
Vk G V, nojioJKHM c* =51.. Tor.ii,a 

(4.1.8) Vk = ^c^Vi 

iei 


Vk G J{v) cjie^yeT h3 (4.1.7), (4.1.8). 

IlycTb Xk-i C J(z;). 

• IlycTb wi, W 2 G Xk-i- Tax KaK V HBjineTca a6ejieBOH rpynnofi, to 
corjiacHO yTBepjKflenino [4]-2.6.4.3, wi + W 2 G Xk- Corjiacno ymep- 
jiyi,enHHM [4]-(2.6.1), (4.1.7), cyipecTByiOT H-nncjia c®, d®, i G I, TaKne, 

HTO 


(4.1.9) 


Wi = ^ c"vi 
iei 

W2 = '^ d^Vi 
iei 


Tax KaK V aBjiacTca aGejiCBon rpynnoii, to h 3 paBcncTBa (4.1.9) cjic^yeT, 
nTO 


(4.1.10) wi + W2 = c'^Vj + d'^Vj 

i&l i&I 


PaBCHCTBO 


+ (Tvi) 

i^I 


(4.1.11) wi -\-W2 = + d'^)vi 

i&I 

HBjiaeTCH cjie,ii,CTBHeM pasencTB (4.1.5), (4.1.10). Ha panencTBa (4.1.11) 
CJICflyCT, HTO Wi +W 2 G J{v). 

• HycTb w G Xk-i- Corjiacno yTBepjK/i,enHio [4]-2.6.4.4, fljia jiio6oro D- 
nncjia a, aw G Xk- Corjiacno yTBepjK^ennHM [4]-(2.6.1), (4.1.7), cyni,e- 
CTByiOT H-nncjia c®, i S /, Tanne, bto 

(4.1.12) w = c^Vj 

iei 

Ha pasencTBa (4.1.12) cjie^ycT, bto 

aw = a c^Vi = a{c^Vi) = '^^{ac^)vi 
iGl i&I i&I 


(4.1.13) 


4.1. Moflyjib Ha^ KOMMyTaTHBHbIM KOJIbIj;OM 
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Ha paBCHCTBa (4.1.13) cjie^yeT, hto aw € J{v). 

□ 

CorjlAUlEHHE 4.1.5. Mu 6ydeM nojibsoeambCH cozAamenueM 9uHmmeuHa o 
cyMMe, e KomopoM noemopMwmuucM undeKc (oduH eeepxy u oduH enuay) nodpa- 
ayMeeaem cyMMy no noemopsmuneMycsi undeKcy. B omoM cjiyuae npednoAazaemcsi 
uaeecmHUM MHoatcecmeo undeKca cyMMupoeanuR u shok cyMMU onycKaemcR 

evi = Y, 

iei 

□ 

OnPEflEJiEHHE 4.1.6. Uycmt v = (vi G V,i € I) - MHootcecmeo eeKmopoe. 
Bupamcenue c^Vi HaaueaemcR jiHHeHHoft KOM6HHaii,HeH BeKTopoB vi. Ben- 
mop 

W = C^Vi 

HaaueaemcR BeKTopoM, jiHHeftHO saBHCHMbiM ot BeKTopoB Vi. □ 

Teopema 4.1.7. Ilycmh D - noAC. Ecau ypaenenue 

(4.1.14) Evi = 0 

npednoAaeaem cymecmeoeaHusi undenca i = j manozo, umo (9 0, mo eenmop 

Vj AUHeuHO aaeucum om ocmaAbHux eenmopoe v. 

^OKASATEJlbCTBO. TeopeMa HBjiaeTca cjie^CTBHeM paBencTBa 

E 

H onpeflejieHHH 4.1.6. □ 

OHeBHflHO, HTO fl/in jiio6oro MHOxecTBa bcktopob Vi, 

0 = Evi c" = 0 

OnPEflEJiEHHE 4.1.8. Benmopu^'^ Oi, i & I, D-ModyAM A jiMHeftno nesa- 
BHCHMBi, ecAU c = 0 CAtdyem ua ypaeneHUR 

Eci = 0 

B npomuenoM CAynae, eenmopu ei, i € I, JiHHeHHO saBHCHMbi. □ 

Teopema 4.1.9. Uycmti D - noAe. MnooKecmeo eenmopoe e = (ei,i G I) ne- 
AJiemcR 6a3HCOM H-BeKTopnoro npocTpancTBa V, ecjiu eenmopu ei AuneilHo 
HeaaeucuMu u Am6ou eenmop v GV auhouho aaeucum om eenmopoe ej . 

^OKASATEJlbCTBO. HycTB e = {ei^i G I) - 6a3HC H-BeKTopnoro npocTpan- 
CTBa V. CorjiacHO onpe^ejiCHHio [4]-2.7.1 h TeopcMaM [4]-2.6.4, 4.1.4, npoHSBOjib- 

HblH BCKTOp V G V HBJiaeTCH JIHHeHHOH KOM6HHan,HeH BCKTOpOB Ci 

(4.1.15) V = v’^Ci 

Ha paseHCTBa (4.1.15) cjieflyeT, hto MHOJKecTBO bcktopob v, Ci, i G ne HBjiaeTca 

JIHHefiHO HeaaBHCHMbIM. 

^■^51 cjieflyK) onpeflejieHHK) b [1], c. 100. 
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4 . D-Moj]yjih> 


PaccMOTpHM paBencTBO 

(4.1.16) c*ei = 0 
CorjiacHO TeopeMe 4.1.7, ecjin 

(4.1.17) cr'V 0 

TO BOKTOp ej JIHHefiHO SaBHCHT OT OCTajIbHbIX BOKTOpOB 6. Cjie,II,OBaTejIbHO, MHO- 
jKecTBO BCKTopoB Ci, i € I \ {j}, nopojK/i,aeT H-BOKTopHoe npocxpancTBO V. 
CorjiacHO onpe;i,ejieHHio [4]-2.7.1, yTBep}K/i,eHHe (4.1.17) HeBepno. Corjiacno onpe- 
.ii,ejieHHio 4.1.8, bcktopbi Ci jiHHefiHO HeaaBHCHMbi. □ 

OnPEflEJlEHHE 4.1.10. MnocHcecmeo eeKinopoe e={ei,iGl) Haaueaemcsi^ '^ 
6a3HCOM i7-MO,zi,yjiH V, ecjiu npouaeojibHuu eeitmop v G V sieAsiemcfi AUHeunou 
KOM6uHa'nueu ecKmopoe Oasuca u npouseoAhHuu eenmop 6a3uca HCAhasi npedcma- 
eumb e eude auhcuhou KOM6uHav,uu ocmaAtnux eeKmopoe 6a3uca. A - cbo6o/i,- 
Hbiii MOflyjib H 21 / 1 , KOJibii,OM D, ecjiu A uMeem 6a3uc nad KOA'b'noM □ 

OnPEflEJlEHHE 4.1.11. Uycmb e - 6a3uc D-Modynsi A, u A-hucao a uMeem 
pasAocucenue 

a = a*ei 

omHocumeAhHo 6a3uca e . D-uucAa a* HasueammcA Koop/i;HHaTaMH A-hucau a 
omHocumeAhHo 6a3uca e. □ 

4.2. JiHHeHHoe OTo6pcLaceHHe Zl-MO,zi;yjiH 

OnPEflEJiEHHE 4.2.1. Ilycm'b Ai, A 2 - D-ModyAu. Mop(f)U3M npedcmaeAe- 

HUU 

f : Ai ^ A2 

D-ModyAR Ai 6 D-ModyAh A 2 HasueaemcR jiHHeftHbiM OTo6pa:aceHHeM D-mo- 
dyAR Ai e D-ModyAb A 2 . 06o3HaHUM C{D\Ai —>■ A 2 ) MHocHcecmeo AUHeuHux 
omo6pa3iceHuu D-ModyAR Ai e D-ModyAb A 2 . □ 

Teopema 4.2.2. JIuHeuHoe omo6paotceHue 

f '■ A\ ^ A2 

D-ModyAR Ai e D-ModyAt> A 2 ydoeAemeopRem paecHcmeaM,'^ '^ 

(4.2.1) fo[a + b) = foa + fob 

(4.2.2) f o {pa) = p{f o a) 

a,b G Ai p G D 

,r(OKA3ATEJlbCTBO. Hs onpeflejieHHH 4.2.1 h TeopeMbi [7]-3.2.19 cjicflyex, hto 
OT oGpajKOHHe / aBjiacTca roMOMopcjDHSMOM aGejieBoii rpynnbi Ai b a6ejieBy rpynny 
A 2 (paBencTBO (4.2.1)). PaBencTBO (4.2.2) cae^yeT h 3 paBencTBa [7]-(3.2.45). □ 

^■^OnpeflejieHHe 4.1.10 aBjiaeTca cjieflCTBHeM TeopeMBi |4]-2.7.2 h saMenaHHa |4]-2.7.3. 

^■^51 cjieflyK) onpeflejieHHK) b [1], c. 103. 

eeKOTopBix KHHrax (nanpHMep, [1], c. 94) Teopeiua 4.2.2 paccMaTpnBaeTCH kbk onpeflejie- 


HHe. 
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Teopema 4.2.3. Uycmh Ai, A 2 - D-Modyjiu. Omo6paotceHue 


(4.2.3) ./ + <?: Ai — ^ A2 f ,g & ^{D', Ai — > A2) 
onpedejieHHoe paeeHcmeoM 

(4.2.4) {f + g)ox = fox + gox 

HaaueaemcM cyMMofl OTo6pa:»ceHHH f u g u sieAsiemcsi AuneunuM omo6pacnceHu- 
BM. MnocHcecmeo C(D', Ai; A 2 ) sieAsiemcsi a6eAeeou zpynnou omHocumeAbHo cyM- 
Mu omo6paatceHuu. 


^OKASATEJlbCTBO. CorjiacHO TeopeMe 4.2.2 


(4.2.5) 

f 0 (v + w) = fov + fow 

(4.2.6) 

f 0 {dv) =d{f ov) 

(4.2.7) 

g 0 (v -\- w) = gov + gow 

(4.2.8) 

go{dv)=d{gov) 

PaaeacTBO 

{f + g) 0 [v + w) = f 0 (v + w) + g 0 [v + w) 

(4.2.9) 

=fov+fow+gov+g 


= {f + g)°v +if + g)ow 


HBjiaeTCH cjie.ncTBHeM paBencTB (4.2.4), (4.2.5), (4.2.7). PaBencTBO 
if + g)oidv) = f o (dv) + g o (dv) 

= dfov + dgov 
= d{fov + gov) 

= d{{f + g)ov) 


(4.2.10) 


HBjiaeTCH cjieflCTBHeM paaencTB ( 4 . 2 . 4 ), ( 4 . 2 . 6 ), ( 4 . 2 . 8 ). Hs paBencTB ( 4 . 2 . 9 ), ( 4 . 2 . 10 ) 
H TeopeMbi 4 . 2.2 cjie,zi,yeT, hto OToOpaacenHe ( 4 . 2 . 3 ) HBjiaeTca jiHaeitHbiM OTo 6 pa- 
acenaeM D-MopynevL. 

Hs paBencTBa ( 4 . 2 . 4 ) cae^yeT, hto OToOpaaceHae 

0\vGAi^0gA2 
aBaaoTca ayaeM onepaa,HH caoaceaHa 

{0 + f)ov = 0ov + fov = fov 

Ha paaeacTBa ( 4 . 2 . 4 ) cae,nyeT, hto OToOpaaceaae 

-f :v € Ai ^ -(/ ov) € A 2 

aaaaeTca OToGpaaceaacM, oGpaTabiM OToOpaaceaaio / 

(/ + (—/)) o V = f o V + (—/) ov = fov — fov = 0 = 0ov 


Hs paaeacTBa 


{f + g)ox = fox + gox 
=gox+fox 
= {g + f)°x 

cae^eT, hto cyMMa OToGpaaceaHa KOMMyTaTaano. 


□ 
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4. Z)-MOflyjib 


Teopema 4.2.4. Uycmh Ai, A 2 - D-Modyjiu. Omo6paotceHue 


(4.2.11) df-.Ai^A2 deD f € CiD;Ai ^ A 2 ) 
onpedejieHHoe paeeHcmeoM 

(4.2.12) [d f) o X = d{f o x) 

Haaueaemcsi npoH3Be/i;eHHeM OTo6pa:»ceHHH / na CKajinp d u sieAsiemcfi au- 
HeuHUM omodpaotceHueM. UpedcmaeAenue 

(4.2.13) a : / e £(£>; Ai A 2 ) ^ af € C{D; Ai A 2 ) 

KOAbya D e adeAeeou zpynne C{D] Ai —> A 2 ) nopomcdaem cmpyKmypy D-ModyAsi. 
^OKASATEJlbCTBO. CorjiacHO TCopeMe 4.2.2 

(4.2.14) fo{v + w) = fov + fow 

(4.2.15) f o {dv) = d{f o v) 


PaBencTBO 

(4.2.16) 


{d f)o{v + w) = d{f o (z; + w)) 

= d{f ov + fow) = d{f o z;) + d{f o w) 
= {df)ov + {df)ow 


HBjiaeTCH cjieflCTBiieM paBcncTB (4.2.12), (4.2.14). PaBencTBO 

(c/) o{dv) = c{f o {dv)) =cd{f ov) = d{c{f o v)) 
= d{{cf)ov) 


(4.2.17) 


HBjiaeTCH cjieflCTBHCM paseHCTB (4.2.12), (4.2.15). Hs paBencTB (4.2.16), (4.2.17) h 
T eopeMbi 4.2.2 cjie,zi,yeT, hto OTo6pa}KeHHe (4.2.11) aBjiacTca jiHaeitHbiM OTo6pa>Ke- 
HHeM Zl-MO,nyjieH. 

PaseHCTBO 


(4.2.18) 


(p + <?)/ = pf + qf 


HBJIHeTCa CJie^CTBHeM paBCHCTBa 

((a + b)f) ov= {a + b){f ov) = a{f o z;) + b{f o v) = (a/) o z; + (6/) o v 
= (a/ + bf)ov 

PaBencTBO 

(4.2.19) p{qf) = {pq)f 


HBjiaeTCH cjie^CTBHeM paBCHCTBa 


{{ab)f) ov = {ab){f o v) = a{b{f o v)) = a{{bf) o v) = {a{bf)) o v 

Hs paBencTB (4.2.18), (4.2.19), cjieflyeT, hto OTo6paaceHHe (4.2.13) aBjiacTca npe^a,- 
CTaBjieHHeM KOJibpa D b a6ejieBOH rpynne C{D\Ai —^ A 2 ). CorjiacHO onpe^e- 
jieHHK) 4.1.2 H xeopeMe 4.2.3, a6ejieBaa rpynna C{D;Ai —>• A 2 ) aBjiaexca D- 

MOflyjieM. □ 


4.3. IIojiHJiHHeHHoe OTo6pa>KeHiie D-Mo^yna. 
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Teopema 4.2.5. Uycmh omo6paatceHue 

f ■. Ai ^ Ai 

fiejifiemcsi jiuneumiM omo6paatceHueM D-Modyjisi Ai e D-ModyAb A 2 . Toeda 

/o0 = 0 

^OKASATEJibCTBO. Cjie;i,CTBHe paBCHCTBa 

/o(a + 0) = foa + foO 


□ 


4.3. IIojiHJiHHeHHoe OTo6pcLH<;eHHe D-MOflyjiH 

OnPEflEJiEHHE 4.3.1. Ilycmt) D - KOMMyrnamuenoe KOA-byo. IIpueedeHHuu no- 
AUMop^usM D-ModyAeu Ai, A„ e D -ModyAb S 

f : Ai X ... X An —>■ S 

HasueaemcA nojiHJiHHeftHbiM OTo6p2L>KeHHeM D-ModyAeu Ai, ..., An e D-mo- 
dyAb S. 06o3HaHUM £{D]Ai x ... x An —>■ S) MHocucecmeo noAUAUHeunux omo6- 
paoiceHuu D-ModyAeu Ai, ..., An e D-ModyAb S. OdosnauuM C{D]A'^ —> S) mho- 
oHzecmeo n-AUHeuHux omodpaotceHuu D-ModyAA A (A\ = ... = An = A) e D- 
ModyAb S. □ 

Teopema 4.3.2. Ilycmb D - KOMMyrnamuenoe KOAbyo. UoAUAUHeunoe omo6- 
paofceHue D-ModyAeu Ai, ..., An e D-ModyAb S 

f : Ai X ... X An S 

ydoBAemeopAem paecHcmeaM 

f o (oi, ...,ai + bi, ...,an) = / o (oi, ...,ai, ...,a„) + / o (oi, ...,bi, ...,an) 

/ o (ai, ...,pai, ...,an) = pf o ...,a„) 

/ o (ai, ...,ai + bi, ...,an) = f o {m, ...,ai, ...,an) + / o (oi, ...,bi, ...,an) 

/ o (ai, ...,pai, ...,an) = pf o (oi, ...,ai, ...,a„) 

1 < i < n ai,bi G Ai p G D 

^OKASATEJlbCTBO. TeopeMa HBjiaeTCH cjie.ii,CTBHeM onpe^ejiCHHii 3.1.1, 4.2.1 
H TeopeMBi 4.2.2. □ 

Teopema 4.3.3. Ilycmb D - KOMMyrnamuenoe KOAbyo. Ilycmb Ai, ..., An, S 
- D-ModyAu. Omodpaotcenue 

(4.3.1) f + g : Ai X ... X An -G S f,g G C{D]Ai x ... x An S) 
onpedcACHHoe paeencmeoM 

(4.3.2) if + g)° {ai,...,an) = f o (oi, ...,a„) + 5 o (oi, ...,a„) 

HaaueaemcA cyMMoft nojiHJiHHeiiHMX OTo6p2L>KeHHH f u g u MeAsiemcA noAu- 
AUHCUHUM omodpaotccHueM. Mnoofcecmeo C{D]Ai x ... x An —>■ S) ABAsiemcA 
adcAceou zpynnou omnocumcAbHO cyMMU omodpaotcenuu. 
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4 . D-Moj]yjih> 


^OKASATEJlbCTBO. CorjiacHO TCopeMe 4.3.2 

(4.3.3) / o (ai,..., Ui + bi ,..., a„) = / o (oi,..., a^,..., a„) + / o (ai,..., bi ,..., a„) 

(4.3.4) / o (ai, ...,a„) = pf o {ai,...,ai, ...,a„) 

(4.3.5) 5 o (ai, + bi, ...,an) = g o {ai, ...,a„) + go{ai, ...,bi, ...,a„) 

(4.3.6) g o (ai, ...,pai,..., a„) = _pg o (ai,..., a^,..., a„) 

PaBencTBO 

(/ + 5) o {xi,...,Xi+yi,...,Xn) 

= fo{xi, ...,x, +yi, ...,Xn)+go {xi,...,Xi + y„ ...,a;„) 

(4.3.7) =/ o (a;i, ...,Xi, ...,x„) + / o {xi,...,yi, ...,x„) 

+5 o (xi, ...,Xn) +go{xi, ...,yi, ...,x„) 

= (/ + 5 ) O {xi,...,Xi, ...,Xn) + U +g)o (a;i, -nXn) 

HBjiaeTCH cjie.ii,CTBHeM paBencTB (4.3.2), (4.3.3), (4.3.5). PaBencTBO 

(/ + 5 ) O {xi,...,pXi, ...,Xn) 

= / O (xi,...,pXi, ...,Xn) + gO (xi,...,pXi, ...,Xn) 

(4.3.8) =pf ° {xi,...,Xi,...,Xn) +PgO {xi,...,Xi,...,Xn) 

=p{f o (xi, ...,Xi, ...,X„) +go {xi,...,Xi, ...,Xn)) 

=P{f + 9)o{xi,-,Xi,...,Xn) 

HBjiaeTCH cae,ncTBHeM paBencTB (4.3.2), (4.3.4), (4.3.6). Ha paBencTB (4.3.7), (4.3.8) 
H TeopeMbi 4.3.2 cjieflyeT, hto OTo6pa}KeHHe (4.3.1) aBjiaeTca nojiHjiHHeiiHbiM oto6- 
paacenneM D-MopynevL. 

HycTb f, g, h G C{D-,Ai x ... x H 2 —>■ S). fljia aK)6oro a = (ai,Un), 
CLi G ..., G A^i, 

if + g) o a =f oa + goa = goa + foa 

=i9 + f)°a 

((/ + 9) + h) o a =(/ + g)oa + hoa = {foa + goa) + hoa 
=f oa + {goa + hoa) = foa + {g + h)oa 
={f + {9 + h))oa 

Cjie;i,OBaTejibHO, cyMMa nojiHjiHHeiiHbix OTo6pa:aceHHH KOMMyxaxHBHa h accoii,Ha- 
XHBHa. 

Hs paBencxBa (4.3.2) cjie/iyex, hxo oxo6pa:aceHHe 
0 ! 'U G A\ X ... X Afi —y 0 G 
HBjiaexcH HyjiCM onepapHH cjio:aceHHi4 

(0 + /) o (ai, ■•■,a„) = 0 o (ai, ...,a„) + / o (ui, ...,a„) = / o (ai, ...,a„) 

Ha paseHCTBa (4.3.2) cjie,ii,yeT, hto OTo6pa>KeHHe 

-/ : (ai,...,a„) € Hi x ... x -(/o (ai,...,a„)) € S 

aBjiaeTca OToGpaaceHHCM, oGpaTHbiM OTo6pa>KeHHio / 

/ + (-/) = o 


4.3. IIojiHJiHHeftHoe OTo6pa>KeHiie D-Mo^yna. 
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XaK KRK 

(/ + (-/))o (ai, ■■•,««) = /o (ai,...,a„) + (-/) o (ai,...,a„) 

= f O (di, Qn} f (^1? •••1 ^n) 

= 0 = 0 o (ai, 

Ha paBCHCTBa 

(/ + 5 ) ° (ai, = / o (ai, + g o (ai, 

= 50 (oi, ■■■, a„) + / o (ai, an) 

= {9 + f) ° {ai:-,an) 

cjie^yeT, hto cyMMa OToGpajKeHHii KOMMyTaTHBHO. Cjie;i,OBaTejibHO, MHOxcecTBO 
C{D; Ai X ... X An S) aBjiHCTca a6ejieBOH rpynnoft. □ 

Teopema 4.3.4. Uycmh D - KOMMymamueHoe KOAbyo. Uycmb Ai, An, S 
- D-ModyAu. Omo6paatceHue 

(4.3.9) df:AiX...xAn^S d€D f € C{D-, Ai x ... x An ^ S) 

onpedeACHHoe paeeHcmeoM 

(4.3.10) (d/) o (ai, ...,a„) = d{f o (ai, ...,«„)) 

Haaueaemcsi npoH3BefleHHeM OTo6pcLH<;eHHH / Ha CKajiap d u sieAAemcM no- 
AUAUHeuHUM omodpacuceHueM. UpedcmaeACHue 

(4.3.11) a : / G C{D; Hi x ... x An ^ S) ^ af G C{D; Hi x ... x H„ ^ S') 

KOAbya D 3 adeAceou zpynne C{D; Ai x ... x An —>■ S) nopocHcdaem cmpyKmypy 
D-ModyAA. 

^OKASATEJlbCTBO. CorjiacHO TCopeMe 4.3.2 

(4.3.12) / o (ai, ...,ai + h, ...,an) = / o (ai, ..., 0 *, ...,a„) + / o (ai, ...,bi, ...,a„) 

(4.3.13) / o (ai, -nPai,-^an) = pf o (ai, ...,ai, ...,a„) 

PaseHCTBO 

(pf) o {xi, ...,Xi + yi, ...,Xn) 

= p f o {xi,...,Xi +yi,...,Xn) 

(4.3.14) =p if O {xi,...,Xi, ...,Xn) + / O (xi, ...,2/j, ...,Xn)) 

= p{f O {Xi,...,X^, ...,Xn)) +p{f O (xi, ...,yi,...,Xn)) 

= {pf) O {Xl,...,X^,...,Xn) + (pf) O {xi,...,yi,...,Xn) 

aBjiaeTca cae^CTBaeM paBcncTB (4.3.10), (4.3.12). PaBencTBO 
{pf) O {xi,...,qXi,...,Xn) 

(4.3.15) =p{f o (xi, ...,qxi, ...,Xn)) =pq{f o (xi, ...,Xi, ...,x„)) 

= qp{f o {xi,...,Xn)) = q{pf) o (xi, ...,x„) 

aBjiaexca cjie^CTBHeM paaencTB (4.3.10), (4.3.13). Hs paBencTB (4.3.14), (4.3.15) h 
T eopeMBi 4.3.2 cae^yeT, axo OToOpaaceHne (4.3.9) aBaaexca noaHaHHefiHBiM oto 6- 
paacenneM D-MopynevL. 

PaBCHCTBO 

(4.3.16) 


{P + q)f =pf + qf 
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4 . D-Moj]yjih> 


HBJIHeTCa CJie^CTBHeM paBCHCTBa 

{{P + q)f) ° {Xi, Xn) ={P + q){f ° {Xl, Xn)) 

=P{f O [Xi, Xn)) + g(/ O (Xi, Xn)) 

= (pf) O (xi,...,x„) + (qf) O (Xi, ...,Xn) 

PaBeHCTBO 

(4.3.17) p(g/) = {pq)f 

HBjiaeTCH cjie;i,CTBHeM paBencTBa 

{p{qf)) o (xi,...,x„) =p (qf) o (xi,...,x„) =p {q / o (xi,..., x„)) 

=(m) /o (xi,...,x„) = {{pq)f) o (xi,...,x„) 

Ha paBencTB (4.3.16), (4.3.17), cjie^yeT, hto OToGpajKenHe (4.3.11) aBjiHexca npe.n- 
CTaBjieHHeM KOJitpa D b a6ejieBOH rpynne C{D] Ai x ... x An S) . Tax xax 
yKasaHHoe npe^CTaBjieHHe 34)4)eKTHBHO, to, corjiacHO onpefleaennio 4.1.2 h xeope- 
Me 4.3.3, a6eaeBaa rpynna C{D]Ai —>■ A 2 ) aBjiaexca Z)-MO.iiyjieM. □ 

4.4. H-MOflyjib C{D\A — B) 

Teopema 4.4.1. 

(4.4.1) C{D- AP C{D- A<^ B)) = C{D- ^ B) 

,I(OKA3ATEJIbCTBO. □ 

Teopema 4.4.2. Ilycrm, 

f = {ei ; 2 e 1} 

6a3uc D-ModyjiH A. MHoofcecmeo 

(4.4.2) t={h^ G C{D- A-> D) :i G I,h^ oej = 5^ 
sieMiemcsi SasucoM D-Modyjisi C{D; A —>■ D). 

,I(OKA3ATEJIbCTBO. 

JIemma 4.4.3. Omo6paDtceHUfi ft,* auhcuho nesaeucuMu. 

,HOKA3ATEJlbCTBO. HycTB cyipecTByroT H-aacjia Ci Taxae, axo 

Gift* = 0 

Tor^a fljia jiio6oro H-aacjia Cj 

0 = Gift* O Cj = CiSj = Cj 

JleMMa aBaaexca cjie^cxBHeM onpe,ii,ejieHHa 4.1.8. 0 

JIemma 4.4.4. Omo6pamceHue f G C{D\A —>■ D), neAsiemcfi auhcuhou kom- 
nosuyueu omo6paxtceHuu ft*. 

,HOKA3ATEJIbCTBO. P,J 1 S JIIoGorO T-BHCJia a, 

(4.4.3) a = a^ei 

paBOHCTBO 

(4.4.4) ft* o a = ft* o (a^Cj) = {h^ ° ^j) = oP = o* 

aBjiaexca cae,zi,cxBHeM paBencTB (4.4.2), (4.4.3) h xeopeMbi 4.2.2. PaBenoxBO 

(4.4.5) f oa = f o (a*ei) = a*(/ o a) = (/ o ei)(ft* o a) 


4 . 4 . D-Mojiyjib C{D\ A —^ B) 
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HBjiaeTCH cjie;i,CTBHeM paBencTBa (4.4.4). PaBencTBO 

f = {foei)h^ 

HBjiaeTCH cae;i,CTBHeM paaencTB (4.2.4), (4.2.12), (4.4.5). 

TeopeMa aBjiaeica cjie.ncTBHeM jicmm 4.4.3, 4.4.4 a onpe,ii,ejieHHa 4.1.10. 


Teopema 4.4.5. nycmh D - KOMMyrnamuenoe KOJitiyo. Uycmb 

Ci = {si-i ; i £ Ii\ 

6a3uc D-ModyjiH Ai, i = \, n. Uycmt) 

CB = {es i '■ i G 1} 

6a3uc D-ModyjiM B. MnooKecmeo 

/i = 1 /i 4 ^ ^ Ai X ... X An —^ B^ i ^ I ^ ii ^ li^ z = 1,..., zz, 

(4.4.6) . . . 

o (ei.j^, ...,e„.j„) = 

siejifiemcsi 6a3ucoM D-Modyjisi C{D;Ai x ... x An —> B). 


,r(OKA3ATEJIbCTBO. 


JTemma 4.4.6. Omo6pa3KeHusi /iP'”*" auhcuho He3aeucuMu. 
,HOKA3ATEJlbCTBO. IlycTb cyipecTByiOT H-HHCJia TaKae, hto 


4 ...i>r-"" = o 


Tor^a fljia aioGoro naGopa HH^eKCOB ..., 


o = < i 


Cjie,zi,OBaTeabHO, j = 0. JleMMa aaaaeTca cae^CTBaeM onpe,zi,ejieHHa 4.1.8. © 


JIemma 4.4.7. Omo6paotceHue f £ C{D;Ai x ... x An —> B) ReAHtmcsi 
jiuHeuHou KOMno3uii,ueu omo6paMceHuu /iP '*". 


,HOKA3ATEJlbCTBO. Jlftis aioGoro ^i-BHcaa oi 


(4.4.7) 

oi = a®^ei.ii 

..., pjisi aroGoro A„-aHcaa a„ 


(4.4.8) 


paBencTBO 


/iP "®" 0 (ai,..., a„) 

= /i®' -®" o (a^iei.jy,...,aJ"e„.jJ 

(4.4.9) 

= al^..aJ"(/l®l■■■®" 0 (ei.jy,...,e„.j 

= a^£..a^<5®)...<5®;)e... 

= a®^..a^"eB■i 


aaaaeTca cae^CTBaeM paaencTB (4.4.6), (4.4.7), (4.4.8) h TeopeMbi 4.2.2. PaBcncTBO 
/o(ai,...,a„) = /o(a^iei.j ...,aJ"e„.j ) 

(4.4.10) 

= a^...a^"/o (ei.jy...e„.j^) 

aBaaeTca cae,zi,CTBHeM paBcncTB (4.4.7), (4.4.8). Tax kbk 

/ ° (si ji ^ ^ 


□ 0 
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4 . D-Moj]yjih> 


f o (ai,..., an) = 

= ° {ai,-,an) 

HBjiHeTCH cjie^CTBHeM paBCHCTB (4.4.9), (4.4.10), (4.4.11). PaBencTBO 

f = 

HBjiHeTCH cjie,zi,CTBHeM paBCHCTB (4.3.2), (4.3.10), (4.4.12). © 

TeopcMa hbjihctch cjie,zi,CTBHCM jicmm 4.4.6, 4.4.7 h onpc^cjiCHHH 4.1.10. □ 

Teopema 4.4.8. Uycmh Ai, An, B - ceoGodnue Modyjiu Had KOMMyma- 
muenuM KOJibyoM D. D-ModyM C{D; Ai x ... x An —^ B) ^ejisiemcA ceoGodnuM 
D-ModyjieM. 

,I(OKA3ATEJIbCTBO. TcOpCMa HBJIHCTCH CJICflCTBHCM TCOpCMbl 4.4.5. □ 


(4.4.11) 

PaBCHCTBO 

(4.4.12) 


4.5. TeH3opHoe npoHSBefleHHe H-MOflyjieft 


Teopema 4.5.1. KoMMymamueHoe KOJinyo D aeAfiemcsi aGeAceou MyAbmu- 
HAUKamueHOu ^l-zpynnou. 

,I(OKA3ATEJlbCTBO. Mbi HOJiaracM, HTO npoHSBCflCHHC o b KOJibpc D onpc^e- 
jiCH corjiacHO npasHjiy 

a o b = ab 

Tax KHK npOHBBCflCHHC B KOJIbpC flHCTpnOyTHBHO OTHOCHTCJIbHO CJIOJKCHHH, TCOpCMH 

HBjiacTCH cjie.ii,CTBHeM onpcflCJiCHHH 3.1.5, 3.1.8. □ 

Teopema 4.5.2. TenaopHoe npoH3Be/i;eHHe 7li © ... © An D-ModyACu Ai, 
An cyiyecmeyem. 

,HOKA3ATEJIbCTBO. TcOpCMa HBJIHCTCH CJIC,II,CTBHeM OHpCflCJICHHH 4.1.2 H TCO- 

pcM 3.3.5, 4.5.1. □ 


Teopema 4.5.3. Uycmt, D - KOMMyrnamuenoe KOAhyo. Bycmt) Ai, An - 
D-ModyAU. TenaopHoe npouaeedenue ducmpuGymuBHO omHocumeAtHO caomcchua 

ai © ... © {ai + bi) © ... © a„ 

(4.5.1) = ai © ... ®ai® ... © a„ + ui © ... ®bi® ... © a„ 

ai,bi G. Ai 


npedcmaeABHue KOAhya D e menaopHOM npouaeedenuu onpedeAeno paeeHcmeoM 


(4.5.2) 


«! © ... © (cai) © ... ®an = c(ai © ... ® ai® ... © a„) 

Hi Ai c € D 


,r(OKA 3 ATEJIbCTBO. PaBCHCTBO (4.5.1) HBJIHCTCa CJICflCTBHCM paBCHCTBa (3.3.23). 
PaBCHCTBO (4.5.2) hbjihctch cjie,zi,CTBHeM paBCHCTBa (3.3.24). □ 


4.5. TeHsopHoe npoMSBe^eHHe D-MOflyjieVi 
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Teopema 4.5.4. Uycmb Ai, A„ - ModyAu Had KOMMyrnamuenuM KOAhyoM 
D. Uycm'b 

f : Ai X ... X Aji — y A-^ ^ (S) 

noAUAUHeuHoe omodpaatceHue, onpedeACHHoe paeeHcmeoM 
(4.5.3) / o (di, ...,d„) = di (g)... (g) 

Uycmt) 

y '. A\ X ... X Ayi — y V 

noAUAUHeuHoe omodpacuceHue e D-ModyAh V. Cyiyecmeyem AUHeunoe omodpaotce- 
Hue 

h '. Ai fg)... g) A.^ —y V 


maKoe, umo duazpaMMa 

(4.5.4) Aig)...gA„ 



(4.5.5) h{ai g ... g an) = g{ai,..., an) 

^OKASATEJlbCTBO. TeopeMR HEjiHCTCH cjieflCTBHeM TeopcMbi 3.3.10 h onpe- 
^ejieHHH 4.2.1, 4.3.1. □ 

Teopema 4.5.5. OmodpaatceHue 

{vi, ...,Vn) €ViX ... X Vn ^ Vi 0 g € Tl g ... g Vn 
ABAAemcA noAUAUHeuHUM omodpaatceHueM. 

,HOKA3ATEJlbCTBO. TeopeMR HBjiaeTCH cjieflCTBHeM TeopeMbi 3.3.9 n onpcfle- 
jieHHH 4.3.1. □ 

Teopema 4.5.6. TenaopHoe npouaeedeuue Tig...gT„ ceododnux KOHCUHOMep- 
Hux ModyAeu Ai, ..., An Had KOMMyrnamueHUM KOAbyoM D ASAAemcA ceododnuM 
KOHCHHOMepHUM ModyABM. 

Uycmb Ci - daauc ModyAA Ai Had KOAbyoM D. UpouaeoAbHuu menaop a S 
Ai g ... g An MOOHZHO npcdcmaeumb e eude 

(4.5.6) a = g ... g 

Mu dydcM nasueamb eupaoKCHue cTaH^apTHoft KOMnoHeHToii TeH30- 

pa. 

,HoKA3ATEJibCTBO. BcKTop tti G At HMeeT pasjiojKeHHe 

k— 

(Xi — (2^ ^i-k 

OTHOCHTejibHO 6a3Hca e^. Hs paBencTB (4.5.1), (4.5.2) cjie;i,yeT 
oi g ... ®an = al^ ...al^ei-i^ g ... g e„.i„ 
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4 . D-Moj]yjih> 


Tax Kax MHOJxecTBO TensopoB ai 0 ■■■ 0 fln HBjiaeTca MHOJxecTBOM o6pa3yK)mHx 
MOflyjiH Ai 0 ... 0 An, TO TeH3op a G 0 ... 0 An MOJXHO 3anHcaTb b bh^b 

(4.5.7) a = a'^as-Y ■■■as-'^n^i i-L ® ® ^n-i„ 

r^e a®, ag.^i , ..., G 7^- IIojiojxhm 

= a*"-*" 

Tor^a paseHCTBO (4.5.7) npHMex bh^ (4.5.6). 

CjieflOBaxejiBHO, mhojxccxbo xenaopoB ei.i^ 0 ... 0 e„.i^ HBjiaexca MHOJxecxBOM 
o6pa3yiomHx MO^ayaa 0 ... 0 An- Tax xax pa3MepH0cxB MO^yaa Ai, i = 1, ..., 
n, xoneana, xo xoneano MHoacecxBO xenaopoB 0 ... 0 en-i„- Cae^OBaxeaBHO, 
MHOJxecxBO xeH3opoB ei-i^ 0 ... 0 en-i^ coflepacHx 6a3HC MO^yaa Ai 0 ... 0 An, h 
MO flyab 0 ... 0 An aBaaexca cboGo^hbim MO^yaeM na^ xoatpoM D. □ 


FjiaBa 5 


D-ajire6pa 


5.1. Ajire6pa Ha/i; KOMMyTaTHBHbiM KOJibpoM 

OnPEflEJiEHHE 5.1.1. nycmb D - KOMMymamuBHoe KOAhyo. D-ModyAb A na- 
3ueaemcM ajire6poH na/i, KOJibpoM D uau £)-ajire6poH, ecAu onpedcAena one- 
payuA npouaeedeHUA^'^ e A 

(5.1.1) vw = Co[v,w) 

zde C - 6uAUHeuHoe omo6paoKeHue 

C : A X A ^ A 

Ecau a ABAAemcA ceoGoduuM D-ModyACM, mo A nasueaemcA cbo6o;],hoh aji- 
re6poH Ha^ KOJitpoM D. □ 

Teopema 5.1.2. UpouaeedeHue e aAzeGpe A ducmpnGymueno no omHomeHum 
K cAootceHum. 

^OKASATEJlbCTBO. yTBep>KfleHHe TeopeMbi cjie^eT h 3 penoHKH paBencTB 
(a + b)c = / o (a + 6 , c) = / o (a, c) + / o (6, c) = oc + be 
a(b + c) = / o (a, 6 + c) = / o (a, &) + / o (a, c) = ab + ac 

□ 


IlpoHSBefleHHe b ajire6pe mojkot Gbitb hh KOMMyTaTHBHbiM, hh accopnaTHB- 
HbiM. CjiepyiomHe onpepejieHHH ocHOBanbi na onpepejieHHHx, paHHbiM b [10], c. 
13. 

OnPEflEJIEHHE 5.1.3. KoMMyTaTOp 

[a, b] = ab — ba 

CAyotcum Mepou KOMMyrnamuenoemu e D-aAzeGpe A. D-aAze6pa A naaueaemcA 

KOMMyTaTHBHoii, eCAU 


OnPEflEJIEHHE 5.1.4. AccopwaTop 
(5.1.2) (a, b, c) = {ab)c — a{bc) 

CAyotcum Mepou accoyuamueHoemu e D-aAze6pe A. D-aAze6pa A naaueaemcA ac- 

COpHaTHBHOH, eCAU 


^■^51 cjie/iyio onpe/iejieHHio, npHBe/ieHHOMy b [ 10 ], c. 1 , [ 8 ], c. 4 . yTBepjK,i],eHHe, Bepnoe 
npoHSBOJibHoro D-MOjiyjiH., BepHO xaKiice Z)-ajire6pbi. 
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5. Z)-ajire6pa 


Teopema 5.1.5. Ilycmti A - aJize6pa Had KOMMyrnamuenuM KOAtyoM D. 
(5.1.3) a(6, c, d) + (a, 6, c)d = (a6, c, d) — (a, be, d) + {a, b, cd) 

Bar Awdux a, b, c, d G A. 

^OKASATEJlbCTBO. PaBeHCTBO (5.1.3) cjieflyeT h 3 i^enoHKH paseHCTB 
a{b, c, d) + (a, b, c)d = a{{bc)d — b{cd)) + ((ab)c — a(bc))d 

= a((bc)d) — a(b(cd)) + ((ab)c)d — (a(bc))d 
= ((ab)c)d — (ab)(cd) + (ab)(cd) 

+ a((bc)d) — a(b(cd)) — (a(bc))d 

= {ab, c, d) — {a{bc))d + a{{bc)d) + {ab){cd) — a{b{cd)) 

= {ab, c, d) — {a, {be), d) + {a, b, ed) 

□ 


OnPEflEJTEHHE 5.1.6. Hflpo Zl-ajire6pbi A - smo MHODtcecmeo^'^ 
N{A) = {a G A : V6, c G A, {a, b, c) = {b, a, e) = {b, c, a) = 0} 


□ 


OnPEflEJiEHHE 5.1.7. IJ(eHTp Il-ajire6pbi A - amo MHOcneecmeo^''^ 
Z{A) = {aGA:aG N{A),Vb GA,ab = ba} 


□ 

Teopema 5.1.8. Uyemb D - KOMMyrnamuenoe KOAbyo. Ecau D-aAze6pa A 
UMeem eduHuyy, mo cyiyecmeyem u30Mop(fiu3M f KOAbya D e yenmp aAzedpu A. 


^OKASATEJlbCTBO. IlycTB e G A - e;i,HHHn,a ajireGpti A. IIojiojkhm f o a = 
ae. □ 


llycTB e - 6a3HC cboGo^hoh ajireGpBi A na^ kojibpom D. Ecjih ajire6pa A HMeei 
e/i,HHHn,y, nojiojKHM eo - CflHHHpa ajire6pBi A. 

Teopema 5.1.9. Uyemb e - 6a3uc ceododnou aAzedpu A Had KOAbyoM D. 
Uyemb 

a = odci b = b^Ci a,b G A 

Upou3eedeHue a, b moqkho noAyuumb cozAacHO npaeuAy 

(5.1.4) (a6)'“ = 

zde C^j - CTpyKTypHbie KOHCTaHTbi uAzedpu A Had KOAbyoM D. Upou3eedeHue 
6a3UCHux eeKmopoe e aAzedpe A onpedcAeno cozAaeno npaeuAy 

(5.1.5) eiej = C^jCk 


^•^yTBep:>K;i;eHHe TeopeMbi onHpaexcH na paBencTBO [10]-(2.4). 
^■^Onpe;i;ejieHHe ^aHO Ha 6a3e aHajiorHHHoro onpe^ejieHHH b [10], c. 13 
^■^Onpe^ejieHHe ;],aHO Ha Oase aHajiorHHHoro onpe;],ejieHHH b [10], c. 14 



5.1. Ajire6pa na^ KOMMyTaTHBHbiM KOJibij;oM 
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^OKASATEJlbCTBO. PaBeHCTBO (5.1.5) aBjiHCTca cjie^CTBueM yTaepacflenaa, 
HTO e aBaacTca 6a3HCOM aareGpti A. Tax KaK npoHSBe^eHHe b ajireGpe aBjiaeTca 
6HjiHHeHHbiM OTo6pa}KeHHeM, TO npoHSBe^eHHe a h b mojkho sanacaTb b bh^o 

(5.1.6) ab = a^bP aej 
Ha paseHCTB (5.1.5), (5.1.6), cjieflyeT 

(5.1.7) ab=a^lAC^jek 

Tax KaK e aaaaeTca 6a3HCOM ajireGpti H, to paBCHCTBO (5.1.4) cae^yeT h3 pasen- 
CTBa (5.1.7). □ 


Teopema 5.1.10. Ecau aAzebpa A KOMMyrnamueua, mo 

(5.1.8) Cf.=Cj, 

Ecau aAze6pa A accoyuamueHa, mo 


(5.1.9) 


^ij^pk '^ip'^jk 


^OKA3ATEJlbCTBO. fljiH KOMMyTaxHBHOH ajire6pbi, paBCHCTBO (5.1.8) Ciie^yeT 
H3 paBCHCTBa 

— GjG'i 

JXnn accopHaTHBHOH ajireOpbi, paBencTBO (5.1.9) cjieflyeT h 3 paBOHCTBa 




□ 


Teopema 5.1.11. UpedcmaeAenue 

(5.1.10) f2,3.: A-*—^ A 

D-ModyAM A e D-ModyAC A oKeueaAenmHo cmpynmype D-aAzebpu A. 
,HOKA3ATEJIbCTBO. 

• HycTB B D-Mopyne A onpeflejiena CTpyKTypa Zl-ajire6pbi H, nopo>K/],eHHaa 
npoH3BefleHHeM 

VW = C o (v,w) 

CorjiacHO onpeflejienHaM 5.1.1 h 4.3.1, jieBbiii c^BHr H-MOflyjia A, 
onpe^ejieHHbiH paseHCTBOM 

(5.1.11) I o V : w G A ^ V w € A 

aBjiaoTca jiHHeftHbiM OToOpaacenHeM. Corjiacno onpefleaenaio 4.2.1, oto6- 
paacenne I o v aBjiaoTca 3HflOMop4)H3MOM Zl-MO.iiyjia A. 

PaBOHCTBO 

(5.1.12) (Z O [vi + V 2 )) o W = {vi + V 2 )w = VlW + V 2 W = (/ o t!i) O W + {I o V 2 ) O w 

aBjiaoTca cae.ii,CTBHeM onpe,ii,ejieHHa 4.3.1 h paBencTBa (5.1.11). Co- 
raacHO TeopoMe 4.2.3, paBencTBO 

(5.1.13) I o (vi + V 2 ) = I o Vi + I o V 2 
aBjiaoTca cae,ncTBHeM paseHCTBa (5.1.12). PaaencTBO 

(5.1.14) (/ o {dv)) ow = {dv)w = d{vw) = d{{l ov) ow) 
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5. Z)-ajire6pa 


HBjiaeTCH cjieflCTBueM onpe^ejieHHa 4.3.1 h paBencTBa (5.1.11). Corjiacno 
TeopcMe 4.2.3, paBencTBO 

(5.1.15) I o (dv) = d{l o v) 

HBjiaeTCH cjie.ii,CTBHeM paaencTBa (5.1.14). Ha paBencTB (5.1.13), (5.1.15) 
cjie,HyeT, hto OToGpaaceHne 

/2.3 --v^lov 

aBjiaeTca npeflCTaBaenaeM D-Mopynsi A b D-Mopyne A 


(5.1.16) /2,3 0 V : w ^ {I o v) o w 

• PaccMOTpHM npeflCTaBjieHHe (5.1.10) D-MOffyjia A b D-MOffyjie A. Ho- 
CKOjiBKy OToGpaaceHHe / 2,3 o v aaaaeTca 3HflOMop(|)H3MOM D-MOflyjin A, 

TO 


(5.1.17) 


if 2 ,3 O V){wi +W 2 )= if 2 ,3 Ov)oWi + (/ 2,3 O v) O W 2 
(/2,3 oy)o {dw) = d((/2,3 ov)ow) 

HocKOJiBKy OToGpaaceHHe (5.1.10) aBjiaeTca jiHaeftHBiM OToGpajKeHaeM 

/2,3 : ^ dl{D; A] A) 


(5.1.18) 

(5.1.19) 


TO, corjiacHO TeopoMaM 4.2.3, 4.2.4, 

{f2,30{vi+V2))0W = {f2,3°Vi+ f2,30V2){w) = {f2,3°Vi)ow+{f2,30V2)ow 

{h,3 o [dv)) ow = (d(/2,3 ov))ow = d((/2,3 ov)ow) 

Ha paBOHCTB (5.1.17), (5.1.18), (5.1.19) a onpe^ejieHaa 4.3.1, cjie^yeT, hto 
OT oOpaacenae / 2,3 aBaaoTca OaaaaeaHbiM OToGpaaceaaeM. Cjie^noBaTejiB- 
HO, OToOpaaceaae / 2,3 onpe^ejiaeT apoaaBCfleaae b D-mopyne A corjiacao 
npaBajiy 

VW = (/2,3 O v) O W 


□ 


CjlEflCTBHE 5.1.12. D - KOMMymamueHoe KOJibyo, A - adeAeeaji zpynna. /fua- 
zpaMMa npedcmaeACHUu 


(5.1.20) 


D 


5 l ,2 ^ 92,3 


A 


91,2 


gi, 2 {d) : dv 

g 2 , 3 {v) : w ^ C o {v,w) 

C€C{D-,A^ ^ A) 


D 

nopoofcdaem cmpyKmypy D-aAze6pu A. 


□ 



5.2. JlHHeHHblii rOMOMOp4>H3M 
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5.2. JlHHeHHblii rOMOMOpcJ)H3M 


Teopema 5.2.1. Ilycmb 
(5.2.1) 


51-1,2 51-2,3 . 

—*->■ 


gi i,2id) -v^dv 

gi-1,2 gi. 2 , 3 {v) : w ^ Cl o {v,w) 


Di 


Cl G C{Di] A\ —>■ Ai) 


duazpaMMa npedcmaeACHuu, onucueamipafi Di-aAze6py Ai. Uycmh 

32 -1,2(rf) :v^dv 


52-1,2 52-2,3 . 

^2 —*->■ A.2 -*—>■ 7^.9 


(5.2.2) 


D 


32-1,2 g 2 - 2 , 3 {v) : w ^ C 2 o {v, w) 

, C2GC{D2-,AI^A2) 


duazpaMMa npedcmaeAenuu, onucueaiotu,aM D2-aAze6py A2. Mop^usM Di-aAze6pu 
Ai e D 2 -aAze 6 py A 2 - 3 mo Kopmeofc omodpacuceHuu 


f 1 '■ Di —> D2 r2 ■ Ai —>■ 242 

zde omodpaDKenue ri sieAsiemcM zoMOMop^uzMOM KOAbya Di e KOAbyo D 2 u omo 6 - 
paMceHue r 2 AeAnemcA AuneunuM omodpaatceHueM Di-aAze 6 pu Ai e D 2 -aAze 6 py 
A 2 maKUM, Hmo 

(5.2.3) r2{ab) = r2{a)r2{b) 

^OKASATEJlbCTBO. CorjiacHO paBeHCTBaM [4]-(4.2.3), mop4)H3m (ri,r 2 ) npe,ii,- 
CTaBjieHHH /i 2 yAOBjieTBopaeT paaencTBy 


2 4) r2[h-i,2{d){a)) = /2.i.2(ri(d))(r2(a)) 

r 2 {da) = ri{d)r 2 {a) 

Cjie,HOBaTejibHO, OTo6pa}KeHHe (ri,r2) HBjiaeTca jiHHeftHbiM OToGpajKenHeM. 

CorjiacHO paBencTBy [4]-(4.2.3), Mop(|3H3M (r 2 ,r 2 ) npe^CTaBjiCHHa / 2,3 y,ii,OBjie- 
TBopacT paBencTBy®'® 

(5.2.5) r2(/i.2,3(a2)(a3)) = /2.2,3(»’2(a2))(r2(a3)) 

H 3 paseHCTB (5.2.5), (5.2.1), (5.2.2), cjieflyeT 

(5.2.6) r2iCi{v,w)) = C2{r2{v),r2{w)) 

PaBencTBO (5.2.3) cjieflyeT h 3 paaencTB (5.2.6), (5.1.1). □ 

OnPEflEJiEHHE 5.2.2. Mop^uzM npedcmaeABHuu Di-aAze 6 pu Ai e D 2 -aAze 6 py 
A 2 HaaueaemcA jiHHeiiHbiM roMOMopcJ>H3MOM Di-aAze 6 pu Ai e D 2 -aAze 6 py i42. 

□ 


^■^TaK KaK B ,i],HarpaMMax npe,i],CTaBjieHHH (5.2.1), (5.2.2), HOCHTejiH Q2-ciJire6pBi h Il3-ajire6pbi 
coBna^aiOT, to TaKi^e coBna^aiOT mop^ihsmbi npe;i;cTaBJieHHH na ypOBHHx 2 h 3. 
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5. Z)-ajire6pa 


Teopema 5.2.3. nycmt) ei - 6a3uc Di-aAze6pu Ai. Uycmt) 62 - 6a3uc D2-aA- 
ee6pu A2. Tozda AUHeunuu zoMOMop(pu3M^'^ Di-aAze6pu Ai e D2-a.Aze6py 

A2 uMeem npedcmaeACHue^ '^ 

(5.2.7) b = e2**r2** ri{a) = e2-ir2-]ri{a^) 

(5.2.8) 6 = r 2 /ri(a) 
omHocumeAhHO 3adaHHUx 6a3uco6. 3decb 

• a - KoopduHamnaM Mampuya eenmopa a omHocumeAbHO 6a3uca ei. 

• b - KoopduHamHasi Mampuya eenmopa 

b = r2{a) 

omnocumeAbHO 6a3uca 62 . 

• r 2 - KoopduHamnafi Mampuya MHOMcecmea ecKmopoe (r 2 (ei.i)) omno- 
cumeAbHo 6a3uca 62 . Mu 6ydeM Ha3ueam'b Mampuyy r2 MaTpHi^eii jih- 
HeiiHoro roMOMop<J)H3Ma omHocumeAbHo 6a3ucoe ei u 62 . 

^OKASATEJibCTBO. BeKTop a € Ax HMeeT pasjiojKeHne 

d = 

OTHOCHTCJibHO 6a3Hca ei. BeKTop b G A2 hmcct pa3Jio:aceHHe 

(5.2.9) b = e2%b 

OTHOCHTejibHO GasHca 62 . 

TaK KaK (ri,r 2 ) - jiHaeftHHii roM0Mop(|)H3M, to na ocHOBannH (5.2.4) cjie^eT, 

HTO 

(5.2.10) b = r2{a) = r 2 (ei**a) = r 2 (ei)**ri(a) 


rfle 


^ri(a^)'' 


ri(a) = 


yri(a")y 

’'2(ei.i) TaK>Ke bcktop D-MOflyjia A2 h HMeex pasjiojKenHe 

(5.2.11) r2(ei.i) = e2**r2.i = e2.j r2.l 

OTHOCHTejiBHO 6a3Hca 62 . KomOhhhpyh (5.2.10) h (5.2.11), mbi nojiynaeM (5.2.7). 

(5.2.8) cjie,nyeT h 3 cpaBHennH (5.2.9) h (5.2.7) h TeopeMbi [3]-5.3.3. □ 

Teopema 5.2.4. Uycmt, ei - 6a3uc Di-k-aAzebpu Ai. Uycmt, 62 - 6a3uc D2*- 
QAzcGpu A2 . Ecau omo6pacHceHue ri AeAsiemcA uHscKyueu, mo Mampuya auhcu- 
Hozo zoMOMop(fiu3Ma u cmpyKmypHuc KOHcmaumu c6A3aHU coomHomcHUCM 

(5.2.12) 


'''2.i^l(C'l.i,) — C'2.pqr^2.f^2 


^ Teopema anajiorHHHa Teopeme [3J-5.4.3. 

^■"^npoHSBe.n.eHHe maTpHu, Ha.1], KOMmyTaTHBHBiM KOjitpoM onpe/i,ejieHO tojibko KaK **-npoH3Be- 
fleHHe. 0.i],HaKO h npe/i,nomHTaio bbho yKaBBiBaxB onepapHio, xaK KaK b 3xom cjiymae bh.i],ho, mxo b 
BB ipajKeHHH y^acTByiox maxpHpBi. Kpome xoro, h njianHpyio paccMOxpexB no.i],o6Hyio xeopemy b 
H eKOMMyxaxHBHOM cjiymae. 
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^OKASATEJIbCTBO. IlyCTb 

a,b G Ai a = ei**a 6 = ei**6 
Hs paBCHCTB (5.1.4), (5.1.1), (5.2.1), cjie,ii,yeT 

(5.2.13) ab = ei.kC^.%a^b> 

Ha paBCHCTB (5.2.4), (5.2.13), cjie^zjyeT 

(5.2.14) r2{ab) = r2{ei.k)Ti{Ci.^jd'lP) 

HocKOjiBKy OTo6pa}KeHHe ri HBjiHeTCH roMOMop(|)H3MOM KOjien;, to h 3 paBcncTBa 

(5.2.14) , cjie,zi,yeT 

(5.2.15) r2{ab) = r2{ei.k)ri{Cj^.ij)ri{a'^)ri{V) 

Ha TeopeMbi 5.2.3 h paBcncTBa (5.2.15), cjie,zi,yeT 

(5.2.16) r2iab) = 62.4 r2.tri(C'i.^j)ri(a*)ri(6J) 

Ha paseHCTBa (5.2.3) h xeopeMBi 5.2.3, cjie,zi,yeT 

(5.2.17) r2iab) = r2(a)r2(5) = e2.p ri(a^)r2.fe2.g ri(6^)r2.J 
Ha paBOHCTB (5.1.4), (5.1.1), (5.2.2), (5.2.17), cjie,ii,yeT 

(5.2.18) r2iab) = e2.iC^'‘pqri{a'^)r^^ri{lP)r^.‘‘- 
Ha paBOHCTB (5.2.16), (5.2.18), cjie,zi,yeT 

(5.2.19) (i2.ir2^kri{Ci.%)ri{a')ri{bP) = e2-iC2.pqri{a^)r2.^ri{lr>)r2.] 

PaBencTBO (5.2.12) cjie,ii,yeT na paaencTBa (5.2.19), Tax KaK BOKTopbi Gaanca 62 
jiHHefiHO HeaaBHCHMBi, H a*, 6® (a cjieflOBaxejiBHO, ri(a®), xi(6®)) - npoH3BOJiBHBie 
BejIHHHHBI. □ 


5.3. JlHHeHHbiii aBTOMop(J)H3M ajire6pM KBaTepHHOHOB 

Onpe.ii,ejieHHe KOop^Hnax jiHHeiiHoro aBxoMopcjDH3Ma - aa^a^a nenpocxaH. B 
3XOM paa^ejie mbi paccMOxpnM npHMcp nexpHEHajiBHoro jiHHeflHoro aBxoMopcjDH3Ma 
ajire6pbi KBaxepHHonoB. 

Teopema 5.3.1. Koopdunamu auhcuhozo aemoMop^usMa aJizeOpu Keamep- 
HuoHoe ydoejiemeopjimm cucmeMe ypaenenuu 

(5.3.1) 


,HOKA3ATEJlbCTBO. CorjiacHO xeopeMaM [5]-4.3.1, 5.2.4, jiKHeftHbift aBxoMop- 
4)H3 m ajire6pbi KBaxepHHOHOB yflOBjiexBopaex ypaBneHHHM 


— • O' O^pg 

r{- 

- 'O'l'^pq 

^2 - 

_ ^P^Qr^l 

- ' 0 ' 2^pg 

^3 - 

_ ^P^Qr^l 
- ' 0 ' 3^pg 

— ' 1 ' O^pg 

-rh 

— rPrlnl 

— r^r^k^pq 

J.I - 
^3 - 

- 'l'2^pg 

-r^ 

^2 

— ' 1 ' 3^pg 

— ' 2 ' O^pg 

-A 

^3 

— ' 2'1 '^pq 

-r'o 

_ „P^Qr^l 

— ' 2'2^pq 

rl - 
'0 - 

- '2's'^pq 

_ ^P^Qr^l 
— ' 3 ' O^pg 

^2 - 

_ „P„<lril 
- ' 3 ' 1 '^pq 

-r[ 

_ ^P^Qr^l 
— ' 3'2^pg 

-r^ 

^0 

_ ^P^Qr^l 
— ' 3'3^pq 


= - ToX 


2' 3 


To = - r^r 


3' 1 


= rjra - r^r. 


1' 2 


= flrl - rlrl 


o 1 

ri = rirl - r^rj 


o 1 ^ 

ri = rtri - r{ri 


o 1 *2 *2 1 

ri = riri - rir^ 


o 19 9 1 

ri = rirf - rir{ 


q 19 9 1 

ri = riri - rfri 


(5.3.2) 
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5. Z)-ajire6pa 


Ha paBCHCTBa (5.3.2) cjie^yeT 

„l — „Pr1r^ — rPr'^r'- 

'1 “ 'O'l'^pq ~ '2'3'^pq 

(5.3.3) r<^=rlrlCl,^ = rlrlC\,^ 

^3 — ^O'S^pQ — 


^P^Qz-il _ _rPr<irjl 
'2'3^pg ~ '2's'^qp 


rPr^n^ — 

'O'l^pq — ’O'l'-^qp 

' O'2'^pq — ' O'2'-^qp '3'l^pq~ 'l'3^p 


Pq 


rlrlC\,q = TlrlCl^ 


pq ’ 1 ' A'-'pq 

rW2CL, = -r-MC' 


qp 


(5.3.4) ' U ~ ' O ' O^pq 

Ecjih i = 0, to h 3 paBOHCTBa 


.1 — rPr’^C'- — -rPr'^r’- — -rPr’^C’’ — -rPr’^C’’ 

Q — 'O'o'-^pq— 'I'l'^pq— ' 2 ' 2 '-^pq “ 'S'S'^p 


PQ 


^0 _ ^0 

^pq — ^qp 


cjie^ex 

(5.3.5) rfr]C°^ = r^r]C°^ 

Ha paBOHCTBa (5.3.3) p/isi Z = 0 h paBencTBa (5.3.5), cjieflyeT 

(5.3.6) r? = = r§ = 0 

Ecjih Z = 1, 2, 3, to paBCHCTBO (5.3.3) mojkho aanncaTb b BH^e 

rl = rir^A + rlr\C\,i + 

r'oT^A+rlrlCl.i 

_ i _„0 

— Po^i '-'01 + PoPi'-'lO 
i = 1,2,3 


(5.3.7) 


r^r^CU + r^or-CL 


= r2M,+ 


'k'j 


01 ^ ' k' j'^lO ^ ' k'j'^ab ^ ' k' j ^ba 


= -PyjClo - ryC^oi - 


i = 1 
i = 2 
i = 3 


k j 

k = 2 j = 3 
k = 3 j = l 
k = l j = 2 


j.aj.b^l _ j.bj.a^l 


ab 


0 < a < b a ^ I b ^ I 
Ha paBCHCTB (5.3.7), (5.3.6) h paBcncTB 
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cjie^ex 


(5.3.9) 


'-'ab '^ab 

^0 1 I a„b/^l _ b„a/^l 

_^0 l_ a b/^l , b„a/^l 
—'O'i ' 0'i*-^ab +'O'i *-^< 


ab 


i = 1,2,3 

'i—'k'j'-'ab 'k'j'-^ab 

„a„b/^l _ b„a/^l 

^k^j^ab ^k^j'^ab 

_„a„b/^l b„a/^l 

— ^k^j^ab ~ ^k^j '^ab 


Ha paBCHCTB (5.3.9) cjie;i,yeT 

,y.l - 


(5.3.10) 


z = 1 k = 2 

j = 3 

z = 2 fc = 3 

J = 1 

z = 3 k = l 

j = 2 

0 < a < b a ^ 1 

b^l 

0 l 


ron 


„a b ^b a _ n 

' O'i ~ 'O' i — u 


z = 1,2,3 


a b/^l b a/^l 

'k'j'-'ab 'k'j'-^ab 


z = 1 k = 2 

j = 3 

i = 2 k = 3 

J = 1 

z = 3 k = l 

j = 2 

0 < a < b a ^ 1 

b^l 


Ha paBCHCTBa (5.3.10) cjie^yeT 
(5.3.11) 


r° = l 


Ha paBCHCTBa (5.3.4) p/isi 1 = 0 cjie,nyeT 


_ ryy^ ry*^ /y^^ /yy* 

n — 'O'O 'O'n • r\i n 'n'l 


'O'O 


O'O 


'O'O 


(5.3.12) 


= + rlrj + rf r| + rf rf 

z = 1,2,3 


Ha paBCHCTB (5.3.6), (5.3.10), (5.3.12), cjic^yeT 


0 =r^rj +r^rg +rgrg 
1 = rjrj + r?rf + rf rf 
z =1,2,3 


(5.3.13) 
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5. Z)-ajire6pa 


= 0 


Ha paBCHCTB (5.3.13) cjie^yeT^ ® 

(5.3.14) 

Ha paBCHCTBa (5.3.4) fljia Z > 0 cjie;i,yeT 
r*, =r^rgC/o + 




(5.3.15) 


ba 

— _rlr0^l _^a^b/-il _^b^anl 

— ^i^i^ab 


ba 


i > 0 

I > 0 0 < a < b a b ^ I 


PaseHCTBa (5.3.15) TO}K/i,ecTBeHHO Bepnai b cnay paBencTB (5.3.6), (5.3.14), (5.3.8). 
Ha paBCHCTB (5.3.14), (5.3.10), cae;i,yeT 


(5.3.16) 


a b/^l 
*-"a 

b ^k^j'^ab 

i = 1 

k = 2 

3=3 

i = 2 

k = 3 

J = 1 

i = 3 

k=l 

3=2 

Z > 0 

0 < a < b 

a ^ 1 


PaseHCTBa (5.3.1) cjieflyrox na paBencTB (5.3.16). 
Hphmep 5.3.2. Oueeudno, KoopduHamu 


□ 


r*. = (5* 

3 3 


ydoeJiemeopMwm ypaeueHum (5.3.1). Mu modkcm y6edumt>c3i HenocpedcmeenHou 
npoeepKoil, nmo Koopdunamu omobpamceHUfi 


= 1 rl = l r| = 1 rf = 1 

maKcttce ydoeAemeopsimm ypaeneHun (5.3.1). Mampuya KoopduHam amozo omo6- 


pajtcenuM uMeem eud 


0 

0 

\ 


0 

0 

1 

0 

r = 

0 

0 

0 

1 



1 

0 

V 


S-SMbi 3 ^ecB onHpacMca na to, hto ajire 6 pa KBaTepHHOHOB onpe;],ejieHa Ha;], nojieM ;],eHCTBH- 
TejiBHBix HHceji. Ecjih paccMaTpHBaTB ajire 6 py KBaTepHHOHOB Ha^ hojicm KOMnjieKCHBix hhcoji, 
TO ypaBHCHHe ( 5 . 3 . 13 ) onpe;i;ejiHeT Konyc b KOMHJieKCHOM npocTpaHCTBe. CooTBeTCTBeHHO, y nac 
niHpe BBi 6 op KOop;i;HHaT jiHHeHHoro aBTOMOp 4 )H 3 Ma. 
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CoBAacHO meopeMe [5J-4-3.4, cmandapmHue KOMnoHenmu omo6paDtceHUJi r UMewm 
eud 


o 

o 

II 

1 

■ 4 

II 

H 

H 

1 

4 

II 

1 

4 

CO 

CO 

ao _ 

1 

4 

II 

H 

O 

1 

' 4 

^32 ^ 

1 

4 

^23 ^ 

.20 ^ 

1 

4 

II 

H 

CO 

1 

4 

II 

o 

1 

■ 4 

^13 ^ 

.30 _ 

1 

A 

II 

H 

1 

A 

^12 ^ 

1 

A 

^03 


CAedoeameAbHo, omo6paatceHue r uMeem eud 

r(a) = a° + a^i + a^j + a^k 


r(a) 


— (a — iai — jaj — kak — ia + ai — kaj — jak 
—ja — kai + aj — iak — ka — jai — iaj + ak) 


□ 



FjiaBa 6 


JlHHeiiHoe OTo6pa:aceHHe ajire6pi>i 


6.1. JlHHeiiHoe OTo 6 p 2 L»ceHHe ajire 6 pbi 

OnPEflEJiEHHE 6.1.1. Uycmt) Ai u A 2 - aAze6pu nad KOAbyoM D. JIuHeunoe 
omo6pacnceHue D-Modynsi Ai e D-ModyM> A 2 nasueaemcR JiHHeiiHbiM OTo 6 pa- 
:»ceHHeM D-aAze6pu Ai e D-aAze6py ^ 2 - 06o3HaHUM C{D]Ai —> A 2 ) mhookb- 
cmeo AUHeuHux omo6pacnceHuu D-aAge6pu Ai e D-aAze6py A 2 . □ 

OnPEflEJiEHHE 6.1.2. Uycmh Ai, A„, S - D-aAze6pu. UoAUAUHCUHoe 
omo6pamceHue 

f ! Ai X ... X Ayi —y S 

D-ModyABu Ai, An 6 D-ModyAb S, Mu 6ydBM Hasueamt omo6paoK.BHUB no- 
jiHJiHHeHHMM OToGpcLaceHHeM D-aAZB6p Ai, An e D-ModyAh S. OOosua- 
HUM C{D]Ai X ... X An — > S) MHooKBcmeo noAUAUHBUHux omo6pamBBHuu D-aA- 
zb6p Ai, An e D-aAZB6py S. 06o3HaHUM C{D',A^ — >■ S) MHoofCBcmeo n-Au- 
HBUHux omo6pacHB6Huu D-aAZB6pu A (Ai = ... = An = A) e D-aAZB6py S. □ 

Teopema 6.1.3. Tbh30phob npou3eBdBHUB Ai ® ... An D-aAZB6p Ai, An 

ABAMBmCA D-aAZB6pOU. 

^OKASATEJlbCTBO. CorjiacHO onpe^ejieHHK) 5.1.1 11 leopeMe 4.5.2, TenaopHoe 
npoHSBefleHHe Ai ® ... ® An I?-ajire 6 p Ai, ..., An HBjiaeTca H-MOflyjieM. 
PaccMoxpHM OToGpajKCHHe 

(6.1.1) * : {Ai X ... X An) X {Ai x ... x An) -)• (g) ... g) An 

onpe,ii,ejieHHoe paBencTBOM 

( 6 . 1 . 2 ) (oi, ...,a„) * ( 61 , ...,bn) = (ai5i) g ... g (a„ 6 „) 

aa^aHHbix anaHeKHii nepeMenHbix bi, ..., bn, OToGpajKeHne (6.1.1) nojiHjiH- 
HefiHO no nepeMennbiM oi, ..., an- Corjiacno TCopeMe 4.5.4, cymecTByex jinneiiHoe 
OToGpajKeHne 

(6.1.3) * (& 1 , ..., bn) ■■ Ai g ... ® An ^ Ai® ... g An 
onpe;i,ejieHHoe paBCHCTBOM 

(6.1.4) (oi g ... g an) * ( 61 , ..., bn) = (aibi) g ... g (a„ 6 „) 

Tax Kax npoHSBOjibnbin xenaop a £ Ai g ... g An mojkho npeflCTasHTb b bh^o 
cyMMbi TCHSopoB BH,zi,a oi g ... g a„, to ^jih aaflannoro xenaopa a £ g ... g An 
oxoGpajxenne (6.1.3) HBjiaexca noanjinHefinbiM OTo 6 pa}xeHHeM nepeMennbix 61 , ..., 
bn- CoraacHO xeopeMe 4.5.4, cymecxByex anneitHoe OTo 6 paafeHHe 

(6.1.5) * (a) : Ai g ... g —>• Ai g ... g An 
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6. JlHHeiiHoe OTo6pa>KeHne ajire6pi>i 


onpe^ejieHHoe paBCHCTBOM 

(6.1.6) (ai 0 ... 0 an) * (6i 0 ... 0 bn) = (ai6i) 0 ... 0 (a„6„) 
Cjie;i,OBaTejiijHO, paBencTBO (6.1.6) onpe;i,ejiHeT GHjiHHefiHoe OToGpaxeHHe 

(6.1.7) + : {Ai 0 ... 0 An) X {Ai 0 ... 0 An) 0 ... 0 An 
BHjiHHeiiHoe OTo6pa}KeHHe (6.1.7) onpe^ejiHCT npoHSBefleHHC b H-mo^jic ^i0... 
An- 

B cjiynae TenaopHoro npoHSBCfleHHH Zl-ajire 6 p Ai, A 2 mbi 6 j 7 i,eM paccMaipH- 
BaTb npoHSBefleHne, onpe^ejieHHoe paBencTBOM 

( 6 . 1 . 8 ) (ai 0 02 ) o [bi 0 62 ) = (oi^i) 0 ( 6202 ) 

Teopema 6.1.4. Ilycmb Ci - Gasuc aJiBe6p'bi Ai nad KOAtyoM D. Uycmt) - 
cmpyKmypnue KOHcmanmu aAze6pu Ai omHocumeAtHo 6a3uca Ci. CmpyKmypHue 
KOHcmanmu mensopHoao npouseedenue Ai 0... 0 oniHOcumeAbHo 6a3uca ei.i^ 0 


uMCwm eud 


(6.1.9) 


C 




_ ^ J1 J-n. 

^OKASATEJlbCTBO. HenocpeflCTBCHHoe nepeMHOJKeHHe TensopoB ei.j^ 
Bn-in HMCeT BHfl 

(ei.fci 0 ... 0 e„.fc„)(ei.ti 0 ... 0 e„.j„) 

— (^l-fei^l-ii) 0 0 {_^n-kn^n-ln) 

(6.1.10) =(ei.fciei.ij 0 ... 0 (e„.fc„e„.t„) 

® ® 6n-Jn, 

CorjiacHO onpe^ejiCHHio CTpyKTypHBix KoncTanT 

(6.1.11) (ei.fci 0 ... 0e„.fc„)(ei.ii 0...0e„.j„) = .ji..j„(ei 

PaBencTBO (6.1.9) cjic^yeT h 3 cpaBnennH (6.1.10), (6.1.11). 

Ha penoHKH paBcncTB 

(«! 0 ... 0 a„)(6i 0 ... 0 bn) 


31 




/ fel 

=(«1 

ei-fc 

1 0.. 

. 0 

^n-kn 


0... 0 6^" 

' ^n-ln ) 


-an’ 

'^b[\. 

■^n 

(ei.fci 0 

-• 0 en.fc„)(ei.ji 0 . 

- 0e„.i„) 

=a^. 


■^b\\. 

■bl- 



■ Jl ® ^ * 

°nin) 

=a^\ 

-an’ 


■&n" 


(-< in 

(ei.j, 0 ... 

0 ^n-jn ) 

= (« f ^ 

b[- ^ 

oii\ 

0 ... 

0(a^6^ 

n(^ in -p 

n-in) 


={aibi) 0 ... 0 (a„&„) 

cjieflyeT, hto onpeflejienHe npoHSBe^eHHH (6.1.11) co CTpyKTypnaiMH KOHCTanTaMH 
(6.1.9) corjiacoBano c onpe^ejienHeM npoHaBe^enna (6.1.6). □ 

Teopema 6.1.5. JJ,asi meH3opo6 a, b G Ai 0...0H„ cmaHdapmnue KOMnonen- 
mu npou36edeHUH ydoeAemeopAwm paeeHcmey 

]^2) (r,h\3l—3n _ r< 3^--3r, 




^ki...knfjll---lr, 


□ 0 
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^OKASATEJlbCTBO. CorjiacHO onpeflejieHHK) 
(6.1.13) ab = (aby^"'^"-ei.j^ 0 ... ® e„.j, 

B TOJKe BpeMH 


(6.1.14) 


ab= ® ... 0 e„./e„ 

_ „ki...knhki...kn /^'3l"'3n 


^fci...fc„g^ 0 ... 0 e„.i„ 


PaBencTBO (6.1.12) cjie;i,yeT h 3 paseHCTB (6.1.13), (6.1.14). 


□ 


Teopema 6.1.6. Ecjiu ajize6pa Ai, i = \, ..., n, accoUjUamueHa, mo menaopHoe 
npouaeedeHue 0 ... 0 - accoi^uamuenafi aAzebpa. 


,I(OKA3ATEJIbCTBO. IIoCKOJIbKy 

((^1-ii 0 0 ® ^ )) ® ^ ^n-kn) 

{{^1-il ^1-Jl ) 0 0 (^n-iTi CI-Jti. )) (^1-fci 0 0 ^n-k-ri) 

— ((^1-il ^1-Ji )^l-fci ) 0 0 ijAn-i-n^l-jn^^l-kn) 

“(si *! (si-jiCl fci)) 0 0 (Cn.i„ (ei.j„ei.fc^)) 

— (^1-ii 0 0 ^ "■ )) 

— (yf'l-ii 0 0 ® ^ ^ ® ^^‘kn')') 

{ab)c 

((^l-il 0 0 ^ ® )) ^ ® ^n-kri) 

(^1-il 0 0 ) ( (^1‘Jl 0 ■•* 0 0 ■•* 0 ^n-k-n.y 

=a{bc) 

□ 


Teopema 6.1.7. Uycmh A - aAzebpa nad KOMMyrnamuenuM KOAt>v,OM D. Cy- 
mecmeyem AUHeuHoe omo6paoKeHue 

h:a®b£A®A^ ah €A 

,r(OKA3ATEJlbCTBO. TeopeMa HBjiaeTCH cjie;i,CTBHeM onpe;i,ejieHHa: 5.1.1 h leo- 
peMbi 4.5.4. □ 

Teopema 6.1.8. Uycmh omobpaatceHue 

f '■ A\ ^ Ai 

ABAAcmcA AUHCUHUM omo6pacnceHueM D-aA3e6pu Ai e D-aAze6py A 2 . Tozda omo6- 
pacHccHUA af, fb, a, b G A 2 , onpedcACHHue paecHcmeaMu 

{af)ox = a{f o x) 

{fb)ox = {f ox)b 

maKCHce ^ejinnymc^ jiuneunuMu. 
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6. JlHHeiiHoe OTo6pa>KeHne ajire6pi>i 


^OKASATEJlbCTBO. yTBep>KfleHHe TeopeMbi cjie^yeT h3 penoneK paBencTB 
(a/) o{x + y) = a{f o {x + y)) = a{f o x + f o y) = a{f o x) + a{f o y) 


{af) OX + (af) o y 


{af) o {px) = a{f o {px)) = ap{f o x) = pa{f o x) 

= p{{af) ox) 

{fb) o{x + y) = {f o{x + y))h = {f o x + f o y) b = {f o x)b + {f o y)b 
= (fb) OX + {fb)oy 
{fb) o (px) = (/ o {px))b = p{f o x)b 
= p{{fb)ox) 


□ 


6.2. Ajire6pa £(£); A —A) 


Teopema 6.2.1. Uycmb A, B, C - ajiae6p'bi Had KOMMyrnamuenuM KOAbyoM 
D. Ilycmti f - AUHeuHoe omodpacucenue U3 D-aAze6pu A e D-aAze6py B. Uycmh g 
- AUHeuHoe omodpacucenue U3 D-aAzedpu B e D-aAze6py C . OmodpacuceHue g o f, 
onpedeACHHoe duazpaMMou 


( 6 . 2 . 1 ) 


B 




Teopema 6.2.2. nycmt) A, B, C - aAzedpu nad KOMMyrnamuenuM K 0 At>y, 0 M 
D. Bycmt) f - AUHeuHoe omoOpaoKenue U3 D-aAze6pu A e D-aAze6py B. Omo6- 
paofceHue / nopoatcdaem AUHeunoe omodpaatceHue 


( 6 . 2 . 2 ) 

(6.2.3) 


r ■. g & C{D-B ^ C) ^ go f e C{D-A^ C) 


B 



g°f 
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^OKASATEJibCTBO. /JoKasaTejibCTBO TeopeMbi cjic^yeT hs penoneK paseHCTB 


((51 + 52 ) o /) o a = (51 + 32 ) o (/ o a) = 51 o (/ o a) + 32 o (/ o a) 
= (51 o /) o a + (32 o /) o a 

= (51 o / + 52 o /) o a 

{{pg) o f)oa= (pg) o (/ o a) = p 3 o (/ o a) = p (3 o /) o a 
= {p{9° f))°a 


□ 


Teopema 6.2.3. Uycmt) A, B, C - ajize6p'bi Had KOMMyrnamuenuM KOAt>v,OM 
D. Uycmt) 3 - jiuhcuhoc omodpacucenue u3 D-aAze6pu B e D-aAze6py C. Omo6pa- 
ofccHue 3 nopootcdaem auhcuhoc omodpaotcenue 

(6.2.6) 3 * : / e C{D] A ^ B) ^ g o f & C{D; A^C) 


(6.2.7) B 



A ---C 

gof 


^OKASATEJibCTBO. ^OKasaTejibCTBO TeopeMbi cjiepyeT h3 penoBCK paBencTB 


(5 o ill + / 2 )) oa = go ((/i + / 2 ) o a) = 3 o (/i o a + /2 o a) 

= 3 o (/i o a) + 3 o (/2 o a) = (3 o /i) o a + (3 o /a) o a 
= {g o fi + g o f 2 ) o a 

[g o (pf)) oa = go {{pf) o a) = 3 o (p (/ o a)) = p 3 o (/ o a) 

= P {go f)oa = {p{g o /)) o a 


□ 


Teopema 6.2.4. Uycmt) A, B, C - aAzedpu uad KOMMyrnamuenuM KOAt>v,OM 
D. OmoOpaoKCHue 

(6.2.10) o : ( 3 , /) e C{D- B ^C)x C{D; A^B)^gof€ C{D; A ^ C) 
ACAsiemcA duAUHcuHUM omodpaoKCHueM. 

^OKASATEJlbCTBO. TeopeMa HBjiaeTCH cjiepcTBHeM TeopcM 6.2.2, 6.2.3. □ 


nojibsyeMca cjieflyioipHMH onpe.i],ejieHH5iMH onepapHH Hafl OTo6pa>KeHH5iMH 

(6.2.4) (/ + g)oa = /oa + goa 

(6.2.5) (pf)oa = pf oa 


nojiBsyeMca cjie.i],yioipHMH onpe.i],ejieHHHMH onepapHH Hafl OTo6pa?KeHH5iMH 

(6.2.8) (f + g)oa = foa + goa 

(6.2.9) {pf)oa = pf oa 
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Teopema 6.2.5. Uycmh A - ajizeOpa nad KOMMymamueHUM KOJihyoM D. D- 
ModyAb C{D]A —>■ A), ocHamenmiu npouseedenueM 

(6.2.11) o : ( 5 , /) e C{D; A ^ A) x C{D; A^A)^gofe C{D; A ^ A) 


A 



sieAHemcsi aAze6pou nad D. 

^OKASATEJlbCTBO. TeopeMR HBjiaeTCH cjie^CTBHeM onpe^ejieHHH 5.1.1 h tbo- 
peMbi 6.2.4. □ 

6.3. JlHHeHHoe OTo6pa}KeHHe b accou,HaTHBHyio ajire6py 

Teopema 6.3.1. PaccMompuM D-ajiBe6p'bi Ai u A 2 . J],asi aadauHozo omo6pa- 
Mcenufi / € C{D\Ai —> A 2 ) omoOpaotceHue 

g : A 2 X A 2 —>■ C{D; Ai —>■ A 2 ) 
g{a,b) o f = afb 

sieAHemcsi 6 ujiuHeuHUM omoSpaotceHueM. 

^OKASATEJlbCTBO. yTBep>KfleHHe TeopeMbi cjie^eT h 3 penoneK paBencTB 
((ai + a2)fb) o X = (ai + 02) f o x b = ai f o x b + a2 f o x b 
= {aifb) o X + (02/6) o X = {aifb + 02/6) o x 
{{pa)fb) o X = (pa) f o X b = p(a f o x b) = p((afb) o x) = (p(afb)) o x 
(af(bi + 62)) o X = a f o X (bi + b2) = a f o x bi + a f o x b2 
= (afbi) o X + (a/62) o X = (a/61 + a/62) o X 
(af(pb)) o X = a f o X (pb) = p(a f o x b) = p((afb) o x) = (p(afb)) o x 

□ 

Teopema 6.3.2. PaccMompuM D-ajize6p'bi Ai u A 2 . ^asi aadauHozo omo6pa- 
cHcenuA f £ C(D;Ai A 2 ) cyinecmeyem Auneunoe omo6pacnceHue 

h : A 2 ^ A 2 —y P(D] Ai —>■ A 2 ) 
onpedeACHHoe paeeHcmeoM 

(6.3.1) (a (8) 6) o / = a/6 

/(OKASATEJibCTBO. YTBepiKpeHHe TeopeMbi aBjiaeTca cjiepcTBHeM TeopeM 4.5.4, 
6.3.1. □ 

Teopema 6.3.3. PaccMompuM D-aAze6pu Ai uA 2 . OnpedeAUM npouaeedenue 
6 aAzeGpe A 2 ® A 2 cozAacHO npaeuAy 

(6.3.2) (c®d)o(a®b) = (ca) ® (bd) 

JIuHeuHoe omodpacuceHue 

(6.3.3) h : A 2 (g> A 2 ^ *C(D-, Ai ^ A 2 ) 

onpedeACHHoe paeeHcmeoM 

(6.3.4) {a®b)of = afb a,b £ A 2 / £ £(I1; Ti —> ^ 2 ) 



6.3. JlHHeiiHoe OTo6pa>KeHne b accoi];naTHBHyio ajire6py 
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MeAMemcM npedcmaeAenueM^'^ aAze6pu A 2 'S> A 2 e ModyAC C{D; Ai —> A 2 ). 

^OKASATEJlbCTBO. CorjiacHO TeopeMe 6.1.8, OToGpajKeHne (6.3.4) aBjiHCTca 
npeoGpaaoBRHHeM Mo;i,yjia C{D] Ai A 2 ). JXnsi ^aHHoro Tensopa c ^ A 2 ® A 2 
npeo6pa30BaHHe h{c) aaaaeTca jiHHeftHbiM npeoGpasoBanHeM MOflyjia £{D',Ai —> 

A 2 ), TaK KRK 

((a ®b)o (/i + / 2 )) ox= (a(/i + f 2 )b) ox = a((/i + / 2 ) o x)b 

= a(/i o a: + /2 o x)b = a(/i o x)b + a (/2 o x)b 
= (afib) OX + (a/ 2 &) o x 
= {a ® b) o fi o X + {a ® b) o f 2 o X 
= ((a ® b) o fi + {a ® b) o f 2 ) o X 
((a ®b)o {pf)) ox= {a{pf)b) ox = a{{pf) o x)b 
= a(p f o x)b = pa{f o x)b 
= p (afb) o X = p ((a ® b) o f) o x 
= (p{{a ®b) o f)) o X 

CorjiacHO TeopeMe 6.3.2, OTo6pa>KeHHe (6.3.4) aaaaeTca aHHefinbiM OToGpaaceHHeM. 
IlycTb / S C{D\ Ai —>• A 2 ), a®b, c®d£A 2 ® ^ 2 - Corjiacno TeopeMe 6.3.2 

{a®b)of = afb G C{D; Ai —>• A 2 ) 

Cjie^OBaTejibHO, corjiacno TeopeMe 6.3.2 

{c® d) o ({a ®b) o f) = c{afb)d 
IIocKOJibKy npoH3Be;i,eHHe b ajireGpe ^42 accopHaTHBHO, to 

{c® d) o ((a ®b)of) = c{afb)d = {ca)f{bd) = (ca ®bd)of 

Cjie.HOBaTejibHO, ecjia mbi onpe^ejiHM nponsBefleHae b aare6pe A 2 ® A 2 corjiacno 
paBencTBy (6.3.2), to OTo6pa}KeHHe (6.3.3) aBjiacTca mop(|3H3mom ajireGp. Corjiacno 
onpe;i,ejieHino [4]-2.1.2, OTo6pa}Kenne (6.3.4) anaacTca npeflCTaBjienneM ajireGpni 
.42 0 ^2 B Mo.i],yjie £(D; Ai A 2 ). □ 

Teopema 6.3.4. PaccMompuM D-aAze6py A. OnpedeAUM npouseedenue e aA- 
ze6pe A® A cozAacno npaeuAy (6.3.2). UpedcmaeAeHue 

(6.3.5) h: A®A^*C{D;A^ A) 

aAzedpu A® A e ModyAC jC{D; A ^ A), onpedeAennoe paeeHcmeoM 

(6.3.6) {a®b)o f = afb a,b € A f € C{D;A^ A) 

noseoAsiem omoofcdecmeumh mensop d € A ® A c omodpaatceHueM d o 6 € 
C{D] A ^ A), zde 6 G C{D; A ^ A) - moDtcdecmeenHoe omodpaatceHue. 

,r(OKA3ATEJlbCTBO. Corjiacno TeopeMe 6.3.2, OTo6pa}KenHe / G C{D-, A —>■ 
A) H TeH3op d £ A® A nopoacflaiOT OToGpajKenne 

(6.3.7) X ^ {do f) OX 

Ecjin Mbi nojiojKHM f = 6, d = a ® b, to paBencTBO (6.3.7) npnoSpeTaer bh/i, 

(6.3.8) ((a ® b) o S) o X = (aSb) ox = a{Sox)b = axb 


^'^OnpejiejieHHe npejiCTaBjieHHH Q-ajire6pbi jiano b onpejiejieHHH [4]-2.1.2. 
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EcJIH Mbl nOJIOJKHM 


(6.3.9) {{a (Si b) o S) o X = {a <Si b) o {S o x) = {a ^ b) o X 

TO cpaBHeHHe paBencTB (6.3.8) h (6.3.9) .ii,aeT ocHOBanHe oxojK^ecTBHTB ^eiicTBHe 
Tensopa a (S b c npeoGpaaoBaHHCM (a <8) 6) o (5. □ 


Hs TeopcMBi 6.3.4 cjie^yeT, hto oxoGpajKeHHe (6.3.4) mojkho paccMaxpHBaxB 
KaK npoHSBe^eHHe oxo6pa>KeHHH a 0 & h /. Tensop a £ ^2 0 ^2 HeBMpo:»c/i;eH, 
ecjiH cymecxByex xenaop & £ ^2 0 ^2 xaKoii, hxo aob = 1 0 1. 


OnPEflEJlEHHE 6.3.5. PaccMompuM^ '^ npedcmaeACHue aAze6pu ^2 0^12 e mo- 
dyAe C{D;Ai ^ 2 ). OpGHToft jiMHeiiHoro OTo6pa:*;eHHH / £ C{D; Ai 
A 2 ) Haaueaemcfi MHOotcecmeo 

(A 2 0 A 2 ) of = {g = dof-. d&A 2 ® A 2 ] 


□ 


Teopema 6.3.6. PaccMompuM D-aAzedpy Ai u accoyuamueHyw D-aAze6py 
A 2 . PaccMompuM npedcmaeAenue aAzedpu A 2 0 A 2 e ModyAe C{D] Ai] A 2 ). Omo6- 
paofceHue 

h I A\ —y A 2 

nopoofcdeHHoe omodpacucenueM 

f '■ A\ ^ A 2 

uMeem eud 

(6.3.10) h = {tts-o 0 Us.i) o / = as-ofasA 

^OKASATEJIbCTBO. IIpOHaBOJIbHblH XeH 30 p a £ ^2 0 ^2 MOJKHO npeflCXaBHXB 
B BH^e 

Cl = ^ ^s-1 

CorjiacHO xeopeMe 6.3.3, oxoGpajKeHne (6.3.4) jiHHeftHO. 3xo flOKasBiBaex yxBep- 
HCflCHHe xeopeMbi. □ 

Teopema 6.3.7. nycrm> A 2 - aAzedpa c edunuyeu e. Ilycrmi a £ 7 I 2 0 7 I 2 - 
HeeupocucdeHHuu meH3op. Op6umu Auneunux omodpaatceHuu f £ C{D; Ai —^ A 2 ) 
u g = ao f coenadamm 

(6.3.11) (^2 0 A 2 ) o / = (^2 0 A 2 ) o 5 

,Z!(OKA3ATEJlbCTBO. EcjiH h £ {A 2 0 A 2 ) o xo cymecxByex b € A 2 A 2 
xaKoe, Hxo h = bog. Tor^a 

(6.3.12) h = b o {a o f) = {b o a) o f 
Cjie,zi,OBaxejibHO, h £ {A 2 0 A 2 ) o /, 

(6.3.13) (^ 20 ^ 2 ) 0 ^ 0 (^ 20 ^ 2 ) 0 / 

Tax KaK a - HeBbipojK^eHHbiii xenaop, xo 

(6.3.14) f = a~^og 

Ecjih h £ {A 2 0 A 2 ) o /, xo cymecxByex 6 £ A 2 0 A 2 xaKoe, bxo 

(6.3.15) h = b o f 


6.4 


'Onpe/i;ejieHHe /laHO no anajicrnH c onpe/i;ejieHHeM [4J-3.1.8. 



6.4. JlHHeiiHoe OTo6pa>KeHne b CBo6oflHyio KoneMHO Mepnyio accoi];naTHBHyio ajire6py 
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Ha paBCHCTB (6.3.14), (6.3.15), cjie,zi,yeT, hto 

h = b o (a“^ o g) = (^b o a~^) o g 
Cjie.HOBaTejibHO, h G (A2 ^ A2) o g, 

(6.3.16) (H 2 ® H 2 ) o / c (H 2 ® H 2 ) o g 

(6.3.11) cjie,ii,yeT h 3 paseHCTB (6.3.13), (6.3.16). □ 

Hs TeopeMbi 6.3.7 TaKJKe cjie,nyeT, hto, ccjih g = a o f h a € A 2 0 A 2 - 
BbipojK/ieHHbiH Tenaop, to OTHomeHae (6.3.13) Bepno. O^naKO ochobhoh peayjiB- 
TaT TeopeMbi 6.3.7 coctoht b tom, hto npe^ncTaBjieHHH ajire6pbi A 2 0 A 2 b MOflyjie 
C{D; Ai A 2 ) nopo>KflaeT OTHomenHe SKBHBajieHTHOCTH b MO,nyjie C{D] Ai —> 
H 2 ). Ecjih yflaano Bbi6paTb npeflCTaBHTejia Ka}K,zi,oro Kjiacca OKBHBajienTHOCTH, to 
nojiyaeHHoe mhojkoctbo 6y,zi,eT mhojkoctbom o6pa3yioiii;Hx paccMaTpHBaeMoro npe^a,- 
CTaBJieHHH. 

6.4. JiHHeHHoe OTo6p2L>KeHHe b CBo6o/];Hyio KonenHO MepHym 
accopnaTHBHyio ajire6py 

Teopema 6.4.1. Uycmh Ai - ceobodnuu D-Modyjib. Uycmb A 2 - ceobodnasi ko- 
HeuHo MepnaR accayuamuenafi D-aJize6pa. Uycmh e - 6a3uc D-ModyjiM A 2 . Uycmh 
I - 6a3uc Aceozo A 2 0 A 2 -ModyAsi C{D; Ai —>■ H 2 ). 

6.4.1.1: OmobpaoKCHue 

f : Ai ^ A 2 

UMcem cAcdymmee pa3A03tceHue 

(6.4.1) / = /'=o4 
where 

= f^A20A2 

6.4.1.2: OmohpaotceHue f uMeem cmandapmuae npedcmaeACHue 

(6.4.2) / = f’^-^^ei 0 ej) o h = f'^^eihej 

40KA3ATEJlbCTBO. HocKOJibKy / aBjiHOTca 6a3HCOM jieBoro A 2 0 H 2 -MOflyaa 
C{D; Ai —>■ A 2 ), TO corjiacHO onpe^ejieHHio [4]-2.7.1 h TeopeMe 4.1.4, cyipecTByeT 
paajiojKeHHe 

(6.4.3) f = fo h €A20A2 

jiHHeiiHoro OTo6pa}KeHHa / OTHOCHTejibHO 6a3Hca I. CorjiacHO onpe,ii,ejieHHio (3.3.20), 

(6.4.4) = 

^■^MHo:»cecTBO o6pa3yiOLLi,Hx npe;i;cTaBJieHHH onpe;i;ejieHO b onpe^ejieHHH [4]-2.6.5. 

Ecjih D-moji^jh, Ai hjih D-mo^yjib A 2 He HBJineTCH cbo6o;i;hi>im Z)-MOflyjieM, to mbi 6yfleM 
paCCMaTpHBaTb MHOHCeCTBO 

I = {Ik ^ Ai —> A2) ■ k = 1 , n\ 

jiHHeiiHO HesaBHCHMbix jiHHeiiHbix OTo6paHceHHH. TeopeMa Bepna ajih jiio6oro jiHHeHHoro OTo6pa- 
HCeHHH 

/ : Ai —>■ A2 

nOpOHC^eHHOrO MHOHCCCTBOM JIHHeHHbIX OTo6paHceHHH I. 
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PaBeHCTBO (6.4.1) aBjiaeTca cjieflCTBaeM paBencTB (6.4.3), (6.4.4). Corjiacno Teo- 
peMe 4.5.6, CTaH/i,apTHoe npeflCTasjieHHe Tensopa HMeeT bh^ 

(6.4.5) f = 

PaBeHCTBO (6.4.2) cjieflyeT h 3 paBencTB (6.4.1), (6.4.5). □ 

Teopema 6.4.2. Ilycmt) Ai - ceoSodnuu D-ModyM. Uycmh A2 - ceoffodna^ 
accoyuamueHasi D-aJi8e6pa. Uycm'b I - Gasuc Jieeozo A2® A2-ModyMi C{D\Ai 
A2 ). /Iah ak) 6 ozo omoSpacHceHUM 1^ G I, cyiu,ecmeyem MHoofcecmeo jiuneumix 
omo6pacHceHuu 

! Ai ® Ai —>■ A2 ® A2 

D-Modyjisi Ai® Ai e D-ModyAb A2 ® A2 mamx, umo 

(6.4.6) /fc o a o a; = {ij. o a) o Ii o x 
Omo6pacHceHue /(, nasueaemcfi npeo6pa30BaHHeM conpaxceHHH. 

,HOKA3ATEJlbCTBO. CorjiacHO TeopcMe 6.2.1, fljia npoHSBOjiHHoro xensopa a G 

Ai ® Ai, OToGpaaceHHe 

(6.4.7) X ^ Ik o a o X 

aBjiaexca jiHHeitHbiM. CorjiacHO yxBepjKfleHHio 6.4.1.1, cyni,ecTByeT pasjioaceHHe 

(6.4.8) Ik o a o X = o Ii o X b’' £ A2 X A2 

IIOJIOJKHM 

(6.4.9) =llo a 

PaBeHCTBO (6.4.6) aBjiacTca cjie.ii,CTBHeM paBCHCTB (6.4.8), (6.4.9). Ha paBencTB 
(/[ o (fll + 02 )) o J; O x = /fc o (oi + 02 ) o X 

= /fc O Ol O X + /fc O 02 O X 
= {ll O Ol) O /; O X + (/(, O Ol) O Ii O X 

{Ik ° {d-0.)) o 7; o X = /fc o {da) o x = Ik o {d{a o x)) 

= d{Ik oaox) = d{{Ik o a) o Ii o x) 

= {d{Ik o a)) o Ii o X 

cjieflyeT, hto oxoGpajKCHHe /(, aBjiacTca jihhchhhim. □ 

Teopema 6.4.3. Ilycm'b Ai - ceododnuu D-ModyAb. nycmt> A2, Ag - ceo- 
dodnue accayuamuenue D-aAzedpu. Ilycm'b I - dasuc Aceozo A2 ® A2-ModyAA 
C{D] Ai —>■ H2). Ilycmb J - daauc Aceozo A3 ® As-ModyAA C{D; A2 —>■ H3). 

6.4.3.1: M'HocHcecmeo omodpaatce'HU'u 

(6.4.10) T = {Kik:Kik = JioIk,Ji€l, h G 7} 

ABAAcmcA daaucoM Aceozo A3 ® A3-ModyAA C{D\Ai —>■ H 2 —>■ A 3 ). 


6.4. JlHHeiiHoe OTo6pa>KeHiie b CBo6oflHyio KoneMHO Mepnyio accoi];naTHBHyio ajire6py 
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6.4.3.2: Uycm'b AUHeunoe omoOpaMcenue 

f ■. Ai ^ A2 

UMeem pasJioMcenue 

(6.4.11) f = foh 
omHocumeJi'bHo Gaauca I. Uycm'b auhcuhoc omo6pacnceHue 

g : A2 ^ A3 

UMeem paaJiooK.e'Hue 

(6.4.12) g = 9 ‘oJi 
omnocumejibHo 6a3uca J . Tozda AWHe'UHoe omo6pac>iceHue 

(6.4.13) h = gof 
UMeem pasjioofcenue 

(6.4.14) h = h^^oKik 
omnocumejibHO 6a3uca K , zde 

(6.4.15) h^^ = g'o{jlor) 

^OKASATEJIbCTBO. PaBeHCTBO 

(6.4.16) hoa = gofoa = g^oJiof^oUoa 
HBjiaeTCH cjie;i,CTBHeM paBencTB (6.4.11), (6.4.12), (6.4.13). PaBencTBO 

ho a = g o f o a = g^ o (J,™ o f^) o o U o a 

(6.4.17) , ' / 

= 9 ° {Jr ° f ) ° Kmk o a 

HBjiaeTCH cjie;i,CTBHeM paBencTB (6.4.10), (6.4.16) h TeopeMbi 6.4.2. Ha paBcncTBa 

(6.4.17) cjie^eT, hto MHoacecTBO OToGpaaceHHii K nopojK^aeT jieBbiii A 3 (8) A 3 - 

MOflyjia 

C{D; Ai ^ A 2 ^ A 3 ). Ha paaencTBa 

= {r^oji)oh = Q 

cjie/iyeT, hto 

o Ji = 0 

H, cjie;i,OBaTejibHO, = 0. Cae^nosaTejibHO, MHoacecTBO K aBjiaeTca OaancoM ae- 
Boro A 3 (8) H 3 -MO,n,yaa C{D\ Ai ^ A 2 ^ A 3 ). □ 

Teopema 6.4.4. Uycmb A - ceohodnasi accoyuamueHasi D-aAze6a. Uycmb ae- 
ewu A 0 A-ModyAb C{D; A ^ A) ‘nopootcden moMcdecmeenHUM omohpaotceHueM 
Iq = S. Uycmb Aune'U'Hoe omohpaatceHue 

f-.A^A 

UMeem pa3A00KeHue 

(6.4.18) f = 

Uycmb AUHC'UHoe omohpaatce'Hue 


g-.A^A 
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9 = 9to®9ti 
h = go f 

h = hfg.Q (H' hts-i 


(6.4.22) 


(6.4.23) 


uMeem pasjiootceHue 

(6.4.19) 

Tozda AUHeuHoe omo6paoK.eHue 

(6.4.20) 

UMeem pasAocHcenue 

(6.4.21) 
zde 

hts-Q = gtofso 

hts-i = fs-igt-i 

^OKASATEJIbCTBO. PaBeHCTBO 

hoa=gofoa 

= {gt-o ® 5m) o ifs O ® fs i) o a 
= (5t-o ® 5 m) o ifs oafs-i) 

= 9t-ofsoafs-igt-i 

HBjiaeTCH cjie;i,CTBHeM paBencTB (6.4.18), (6.4.19), (6.4.20). PaBencTBO (6.4.22) hb- 
jiaeTCH cjie^ncTBHeM paBencTBa (6.4.23). □ 

Teopema 6.4.5. Uycmh ei - 6a3uc ceoBoduozo kohchho Mepnozo D-ModyAA 
Ai. Uycmu 62 - 6a3uc ceo6odHou kohchho Mepnou accoyuamuBHou D-aAze6pu ^ 2 - 
Uycmu C^i - empyKmypuue KOHcmaumu aAze6pu A 2 . Uyemu I - 6a3uc Aeeozo 
A 2 ® A 2 -ModyAA C{D\Ai —> A 2 ) u - Koopdunamu omo6pac>iceHUA Ik omno- 

cumeAbHO 6a3ucoeei ue 2 - Koopdunamu fj^ omodpaotcenuA f € C{D;Ai —> A 2 ) 
u ezo emandapmnue KOMUonenmu cBAoanu paBencmBOM 

(6.4.24) ft = 

,HOKA3ATEJIbCTBO. OTHOCHTejIbHO 6a3HCOB Cl H 62 , JIHHeHHbie OToOpaJKeHHH 
f H Ik HMeiOT BHfl 

(6.4.25) f ox = fjX^e 2 .i 

(6.4.26) hox = Ik.]x^e2.i 

PaBeHCTBO 

/fa;'e2.fc = 62 -^ 4 . 62 .^ 62 . j 

= f-^Ik.r^^Cf^Ctje2.,. 

HBjiaeTCH cjieflCTBHeM paBencTB (6.4.2), (6.4.25), (6.4.26). Tax khk BeKTopti e 2 -k 
jiHHefiHO HesaBHCHMbi H a;* hpohsbojihhhi, to paaencTBO (6.4.24) cjie^yeT h 3 paBCH- 
CTBa (6.4.27). □ 


(6.4.27) 


Teopema 6.4.6. nycmu D ABAAemeA noAem. Ilyemti ei - 6a3uc cBododnou 
KOHCHHO Mepnou D-aAze6pu Ai. Ilycmu 62 - 6a3uc cBododnou kohchho Mepnou ac- 
coyuamuBHOu D-aAze6pu A2. Ilycmu C2 ki ~ cmpyKmypnue KOHCmanmu aAzedpu 
A 2 . PaccMompuM Mampuyy 

(6.4.28) B = = (C2.LC2.^) 


6.4. JlHHeiiHoe OTo6pa>KeHne b CBo6oflHyio kohchho Mepnyio accoi];naTHBHyio ajire6py 
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cmpoKU Komopou npoHyMepoeauu undencoM u cmoji6v,u npoHyMepoeanu uh- 
dcKCOM .ij . EcJiu Mampuya B HeeupocHcdena, mo djiji aadannux Koopdunam Jiu- 
HeuHoeo npeo6pa3oeaHUM u djisi omo6pacHceHusi f = S , cucmeMa jiuneunux 
ypaenenuu (6.4.24) omnocumeJi'bHO cmandapmHux KOMnoHenm omozo npeo6pa30- 
eaHua uMeem eduHcmeennoe pemenue. 

EcJiu Mampuya B eupocHcdena, mo ycJioeueM cyiyecmeoeaHUJi pemeHusi cucme- 
Mu jiuHeuHux ypaenenuu (6.4.24) nejijiemcsi paeencmeo 

(6.4.29) rank = rankC 

B 3moM cjiynae cucmeMa Jiuneunux ypaenenuu (6.4.24) UMeem SecKOHeuno Mnozo 
pemenuu u cyiyecmeyem AuneunaA eaeucuMocmu Meotcdy eeAUHunuMU g^. 

^OKASATEJlbCTBO. yTBep>KfleHHe TeopeMbi HBjiaeTCH cjie;i,CTBHeM TeopnH jih- 
HeiiHbix ypaBHeHHH nafl nojieM. □ 

Teopema 6.4.7. Uycrnu A - ceo6odnaA Koneuno MepnaA accoyuamuenaA oa- 
ze6pa nad noAeM D. Ilycmti e - 6a3uc aAzeOpu A nad uoacm D. Uycmu C^i - cmpyK- 
mypnue Koncmanmu aAze6pu A. Ilycmu Mampuya (6.4.28) eupootcdena. Uyemh 
Auneunoe omoOpaotcenue f S C{D\A —> A) neeupocucdeno. Ecau Koopdunamu 
Auneunux npeo6pa3oeaHuu fug ydoeAemeopAwm paeenemey 

(6.4.30) rank g^ /^) = rankC 

mo cucmeMa Auneunux ypaenenuu 

(6.4.31) 

UMeem SecKonenno muozo pemenuu. 

^OKASATEJlbCTBO. CorjiacHO paBencTBy (6.4.30) n xeopeMe 6.4.6, cncTCMa 
jinneftHbix ypaBHennii 

(6.4.32) ft = rCfiCtj 

HMeex GecKonenno mhofo pemenHii, cooTBexcTByiomHx jinneftHOMy oxoGpajKeHino 

(6.4.33) f = piei®ej 

CorjiacHO paBencxBy (6.4.30) n xeopcMe 6.4.6, cncxeMa jinneftHbix ypaBHennii 

(6.4.34) 

nmeex GecKonenno mhoxo pemennii, cooxnexcxByiomHx jinnennoMy oxoOpajKennio 

(6.4.35) g = g^^ei ®ej 

OxoOpajKennH fug nopoHc/i,eHbi oxcOpancenneM 6. CorjiacHO xeopeMe 6.3.7, oxo6- 
pancenne / nopoxflaex oxoOpajKenne g. 3xo ^OKasbiBaex yxBepHc/i,eHHe xeopeMbi. 

□ 

Teopema 6.4.8. Ilycmu A - ceo 6 odnaA Koneuno MepnaA accoyuamuenaA aA- 
ze 6 pa nad uoacm D. UpedcmaeAenue aAzedpu A® A e aAzedpe C{D\A —> A) 
UMeem Koneunuu 6a3HC I . 

6 .4.8.1: JIuneunoe omodpaofcenue f S C{D; A —> A) uMeem eud 

(6.4.36) f — ® E — ^ ( Ojk-Sk-O^k^k-Sk-l 

k 
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6. JlHHeiiHoe OTo6pa>KeHne ajire6pi>i 


6 .4.8.2: Ezo cmaHdapmHoe npedcmaeAenue uMeem eud 


(6.4.37) 


.4.37) / = ® ej) o 4 = 


4(OKA3ATEJlbCTBO. Hs TeopeMbi 6.4.7 cjieflyeT, hto ecjiH MaTpnpa B BbipojK- 
^ena h OTo6pajKeHHe / y;ii,OBjieTBopaeT paBencTBy 



f'^]= rankC 

J m J 


(6.4.38) 


TO OToGpajKeHHe / nopojK/i,aeT to jko caMoe mhojkcctbo OTo 6 pa>KeHHH, hto nopojK- 
flOHO OTo 6 pa}KeHHeM S. Cae^OBaTejibHO, fljisi Toro, htoGbi nocTpoHTb 6 a 3 HC npe^- 
CTaBjieHHH ajire 6 pbi A 0 A b MO.ii,yjie C{D] A — > A), mbi aojischbi BbinojiHHTb 
cjicflyroipee nocTpoenne. 

Mhojkoctbo penieHHii CHCTeMbi ypaBHennii (6.4.31) nopoac^aeT cboGo^hbih no^- 
MOflyjib C MO^yjia C{D]A —>■ A). Mbi CTpoHM 6a3HC {hi,hk) noflMO^yaa C. 
SaTCM flonojiHaeM stot 6a3HC aHHefino He3aBHCHMbiMH BOKTopaMH hk+i, ..., hm, 
KOTopbie He npHHa^jieacaT noflMo;i,yaio C, TaKHM o6pa30M, hto MHoacecTBO bck- 
TopoB hi, ..., hjn aBjiacTca 6a3HCOM MOflyjia C{D; A — > A). MnoacecTBO op6ht 
(A 0 A) o S, (A 0 A) o hk+i, ..., (7l 0 A) o hm HopojKflaeT MO^yab C{D-, A ^ A). 
IlocKoabKy MHOxecTBO op6ht Koneano, mbi MoaceM Bbi6paTb opShtbi Tax, HTo6bi 
OHH He nepeceKajiHCb. JJ,Jisi KajK^ofi op6HTbi mbi MoaceM BBi6paTB npeflCTaBHieaB, 
nopojK^aion^HH STy op6HTy. □ 

IIphmep 6.4.9. /]{asi noAsi komhackchux hucba aAzehpa C{R', C ^ C) uMeem 
6a3uc 


Iq o z = z 
Ii o z = z 


/Iaa aAzehpu KeamepHuoHoe aAzehpa C{R; H —>■ H) uMeem haauc 

Iq o z = z 


□ 


6.5. JiHHeHHoe OTo6pa»ceHHe b Heaccori,HaTHBHyio ajire6py 

TaK KaK npoH 3 BefleHHe neaccopHaTHBHO, mbi mojkbm npeflnojioJKHTB, hto pppL- 
CTBHe a, b G A na OTo 6 pa}KeHHe / mojkbt 6 bitb npeflCTaBaenno jih 6 o b BH^e a{fb), 
jih 6 o b BH^e {af)b. O^naKO 3 to npeflnoaoaceHHe hphbo^ht nac k ^obojibho cjiojk- 
Hoft CTpyKType aHHeiiHoro OTo 6 pa>KeHHa. HtoGbi ayame npeflCTaBHTB nacKoaBKO 
caojKHa CTpyKTypa aHHefinoro OToGpaaceHHa, mbi naaneM c paccMOTpenna aeBoro 
H npaBoro c^BHroB b HeaccopHaTHBHOli aareGpe. 

Teopema 6.5.1. Ilycm'b 
(6.5.1) l{a) o X = ax 

omohpaatceHue Aceozo cdeuza. Tozda 


(6.5.2) 


l{a) o l{b) = l{ab) — {a, b)i 


zde MU onpedeAUAU AuneuHoe omohpaatceHue 

{a, b)i o X = (a, b, x) 


6.5. JlHHeiiHoe OTo6pa»:eHHe b Heaccoi];naTHBHyio ajire6py 
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^OKASATEJibCTBO. Hs paBCHCTB (5.1.2), (6.5.1) cjie^yeT 
{1(a) o 1(b)) o X = 1(a) o (1(b) o x) 

(6.5.3) = a(bx) = (ab)x — (a,b,x) 

= l(ab) o X — (a, b)i o x 

PaBencTBO (6.5.2) cjieflyeT h 3 paBencTBa (6.5.3). □ 

Teopema 6.5.2. Ilycmh 

(6.5.4) r(a) o x = xa 
omo6pacnceHue npaeozo edema. Tozda 

(6.5.5) r(a) o r(b) = r(ba) + (b, 0)2 
zde MU onpedejiujiu jiuHeunoe omoGpaatceHue 

(b, 0)2 o X = (x, b, a) 

,HoKA3ATEJibCTBO. Hs paBCHCTB (5.1.2), (6.5.4) cjie;i,yeT 
(r(a) o r(b)) o x = r(a) o (r(b) o x) 

(6.5.6) = (xb)a = x(ba) + (x, b, a) 

= r(ba) o X + (x, 6 , a) 

PaBencTBO (6.5.5) cjieflyeT h3 paseHCTBa (6.5.6). □ 

IlyCTB 

f : A f = (ax)b 

jiHHefiHoe OTo6pa>KeHHe ajireGpBi A. Corjiacno leopeMe 6.1.8, OToGpajKenne 

g : A^ A g = (cf)d 

TaKsce jiHHeHHoe OTo6pajKeHHe. O^naKO HeoBeBH^HO, MOJKeM jih mbi 3anHcaTB oto6- 
pajKeHHe g b bh^c cyMMBi cjiaraeMbix BH/i,a (ax)b h a(xb). 

Ecjih a - CBo6oflHaH KoneBno Mepnaa ajireGpa, to mbi mojkom npeflnojiojKHTB, 
HTO jiHHefiHoe OTo6pa}KeHHe HMeex CTaH/i,apTHoe npe^CTaBjicnne b bh^o®'^ 

(6.5.8) f ox = (eix)ej 

B 3TOM cjiynae mbi MoaceM npHMenHTB TCopeMy 6.4.8 p/in OToGpajKeHiili b neacco- 
ipiaTHBHyio ajire6py. 

*^''^Bbi6op npoHSBOjieH. Mm mo^kcm paccMOTpeTb CTaH.i],apTHoe npe/iCTaBjieHHe b bh/ib 

f ox = p^Ciixej) 

Tor/ia paBencTBO (6.5.11) HMeeT bh/; 

(6.5.7) 9^ = fr9^^C2.'t^C2.l,i 

51 Bi>i6paji Bbipa}«;eHHe (6.5.8) xaK KaK nopa^OK coMHO^cHTejieH cooTBeTCTByeT nopa^Ky, Bbi6paH- 
HOMy B TeopeMe 6.4.8. 
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(6.5.14) 


Teopema 6.5.3. Ilycm'b ei - 6a3uc ceoSodnou kohchho Mepnou D-ajize6p'bi Ai. 
nycmb 62 - 6a3uc ceo6odHou kohchho Mepnou Heaccoynamuenou D-aAze6pu ^ 2 - 
Uycrnu C 2 -^i - cmpyKmypnue Koncmanmu aAze6p'bL ^ 2 - Ilycm'b omo6pa3tceHue 

(6.5.9) g = aof 

nopoofcdennoe omo6pa3tceHueM f G C{D',Ai —^ A 2 ) nocpedcmeoM meH3opa a S 
A 2 ® A 2 , UMcem cmandapmnoe ’npedcmasAenue 

(6.5.10) g = a^^f^i®ej)o f = a^^{eif)ej 

Koopdunamu omoSpacHcenusi (6.5.9) u ezo cmandapmnue ‘KOMnonenmu ceMsanu 
paeencmeoM 

(6.5.11) fff = fr9'^C2.^irr.C2.lj 

^OKASATEJIbCTBO. OTHOCHTejIbHO 6a3HCOB Cl H 62 , JIHHeHHbie OToOpEJKeHHH 
fug HMeiOT BHfl 

(6.5.12) f ox = fjX^e 2 i 

(6.5.13) gox = gjX^e2-i 

Ha paBCHCTB (6.5.12), (6.5.13), (6.5.10) cjic^yeT 

gfx''e2k= (^2-i{fTx'’e2-m))e2-j 
= a*Vra;'C 2 .f^C 2 .^,.e 2 .fc 

Tax KRK BeKTOpBI 62 . fc JIHHeHHO HeSaBHCHMBI H I* npOHSBOJIBHBI, TO paBCHCTBO 

(6.5.11) cjieflyeT h3 paBencTBa (6.5.14). □ 

Teopema 6.5.4. Ilycmb A - ceoGodnasi 'kohchho Mepnati Heaccoyuamuenasi 
UAzeGpa nad KOAbyoM D. UpedcmaeAenue aAzeOpu A<S>A 6 aAzeGpe C{D\A —>■ A) 
UMCem KoneHHWu, 6a3uc I. 

(1) JIune'UHoe omo6paDtceHue f € C{D; A ^ A) uMeem eud 

(6.5.15) / = {ak-sk-o ® ak-s^ i) o h = iak-sk-oIk)ak-Sk i 

(2) Ezo cmandapmnoe npcdcmaeAcnuc uMccm eud 

(6.5.16) / = a^"^^{ei®ej) o 4 = {eilk)ej 

40KA3ATEJlbCTBO. PaccMOTpHM MaTpHpy (6.4.28). Ecjih MaxpHpa B neBBi- 
pojK^eHa, TO fljiH aa^aHHbix KOop^HnaT jiHHeiiHoro npeoGpaaoBanHa: h 

OTo 6 pa>KeHHH f = S , CHCTOMa jiHneliHbix ypaBHennii (6.5.11) othochtojibho CTan- 
flapTHbix KOMnoneHT stoto npeoGpaaoBaHHH hmoct eflHHCTBeHHoe pemcHHe. 
Ecjih MaTpnpa B BbipoHCflena, to corjiacHO TeopcMC 6.4.8 cyipecTByeT kohchhbih 
6a3HC /, nopojKflaiomHH MHoacecTBO jihhchhbix OToOpaxcHHii. □ 

B OTjiHHHC OT cjiynaa accopiiaTHBHOH ajireOpBi mhojkoctbo renepaTopoB / b 
TC opcMe 6.5.4 hc aBjiacTca MHHHMajibHbiM. Ha paBCHCTBa (6.5.2) cjie,ii,yeT, hto 
HCB epHO paBCHCTBO (6.3.12). Cjic^OBaTejiBHO, opOnTbi OToOpajKCHHH 4 hc nopojK- 
flaioT OTHomcHHH aKBHBajicHTHOCTH B ajiTcOpc L{A] A). TaK KaK Mbi paccMaxpHBa- 

CM TOJIbKO OToOpajKCHHH BHfla {alk)h^ TO B03M0JKH0, HTO HpH k I OToGpaJKCHHC Ik 
nopojKflacT OToGpajKCHHC Ii , ccjih paccMOTpcTb bcc BoaMOJKHbie onepapHH b ajireS- 
pe A. HosTOMy mhojkcctbo oOpaayroipHx 4 HeaccopHaTHBHOli ajircGpbi A hc nrpa- 

CT TaKOli KpHTHHCCKOH pOJIH KaK OToGpajKCHHC COnpHJKCHHa B nojie KOMHJICKCHblX 


6 . 6 . IlojiHJiHHeHHoe OTo 6 pa>KeHne b accoi];naTHBHyio ajire 6 py 
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HHceji. Otebt Ha eonpoc nacKOJiBKO easKHO OTo6pa>KeHHe Ik b HeaccopnaTHBHOii 
ajire6pe TpeGyea ;i,onojiHHTejiBHoro HCCjie^OBaHHH. 

6.6. IIojiHJiHHeHHoe OTo6pa»ceHHe b accoii,HaTHBHyio ajire6py 

Teopema 6.6.1. nycmt) Ai, An, A - accoynamuenue D-aAze6pu. Uycm'b 

fi S Ai A) i = 1 ,..., n 

aj € A j = 0,..., n 

JJaji aadauHou nepecmanoeKU a n nepeMennux omoSpaoKeHue 
((oo, ...,a„,cr) o (/!,...,/„)) o {xi,...,Xn) 

(6.6.1) = (aocr(/i)ai...a„_iCT(/„)a„) o (xi, ...jXn) 

= aoo-(/i o xi)ai...an-i(y{fn o a;„)a„ 
jieAJiemcA n-AuneumiM omoOpaMcenueM e aAzeGpy A. 

)HOKA3ATEJlbCTBO. YTEepHCflenHe TeopeMbi cjie^eT h 3 penoneK paBencTB 


((oo,... 

, Gn) ^ 

(/l,- 

-,/«)) ° 

{xi,...,Xi + yi, ...,Xn) 

=aocr{fi 

0 Xi)ai.. 


O {Xi + yi)).:Gn-lG{fn O Xn)Gn 

=ao(T{fi 

0 xi)ai.. 


OXi+ fi 

, Oyi)...an-l(j{fn OXn)t 

=aocr{fi 

0 xi)ai.. 


O Xi)...G, 


+ao(j{fi 

0 xi)ai.. 


o yf)...ar 

i—® Xrt)0)n 

= ((ao,... 

, a„,cr) 0 

(/l,- 

-Jn)) O 

{x\ , ..., , ..., Xn) 

+ ((ao,... 

, Gn, g') 0 

(/l,- 

-Jn)) O 

(xi, yi-, Xn^ 

((oo,... 

, Gn, g') 0 

(/l,- 

-Jn)) 0 

{xi,...,pXi, ...,Xn) 

=aocr{fi 

0 Xi)gi.. 


O (jpXi)). 

..(ln — lO'{fn O ^n)^n 

=aoo-(/i 

0 Xi)gi.. 

■G{pUi°xf)). 

Xn)Ojn 

=p(aocr(/i o xi)ai...a{f^ o x^).. 

•^n —l*^(/n ^ ^n)^n) 

=p(((ao, 

..., (Ijl , fj ) 

° (/l 

,-Jn)) 

0 (Xi, ...,Xn)) 


B paBencTBe (6.6.1), TaKJKe kek h b ppyrnx BbipaaceHHHx nojiHjiHHeitHoro oto 6- 
pajKeHHH, npHHHTO corjianieHHe, hto OToGpajKeHHe fi HMeei cbohm apryMCHTOM 
nepeMennyio Xi. 

Teopema 6.6.2. nycmt) Ai, An, A - accoyuamueHue D-aAze6pu. JI^aa 
aadaHHozo ccMeucmea omo6pacnceHuu 

fi € C-{D', Ai A) i = 1 ,..., n 

omo6paMceHue 

h : A^+^ -> £(D; Ai x ... x An ^ A) 
onpedcACHHoe paecHcmeoM 

(cIq , ..., Gn, g) O (^fi,...,fn^ — )^1 • ■•Gn — l^{fn)Gn 

ABAsiemcA n + l-AUHcumiM omoGpamceHueM e D-ModyAb C{D] Ai x ... x An —^ A). 
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^OKASATEJlbCTBO. YTBepjKfleHHe TeopeMbi cjie^yeT h 3 penoneK paBencTB 
((ao,...,ai + ...a„,cr) o (/i, o {xi,...,Xn) 

^ Xi)(li... (tti + bi)...(ln—lO'[fn O Xji)cLri 

=ao<j{fi o xi)ai...a^...a„-ia{fn o a;„)a„ + aocr(/i o a:i)ai...6j...a„_icr(/„ oa;„)a„ 
=((ao, ...,ai, ...,a„,cr) o (/i, ...,/„)) o (a:i, ...,a:n) 

+((ao, ...,a„,cr) o (/i, ...,/„)) o (xi,..., a;„) 

( (^ 0 ; ■ • ■ 5 ^2 ; • ■ •; “ t “ (^0 ; • ■ •; ^ 2 ; • ■ •; ^ (^ 1 ; ■ • ■; ^ n ) 

((ao, ...,pai, ...a„,(T) o (/i, ...,/„)) o (xi,...,x„) 

=aocr(/i oa:i)ai...pai...a„_icr(/„ ox„)a„ 

=p(aocr(/i o xi)ai...ai...an-icr{fn o a;„)a„) 

=p(((ao,...,ai,...,a„,CT) o (/i,...,/„)) o (xi,...,x„)) 

=(p((ao,...,ai,...,a„,cr) o (/i,...,/„))) o (xi,...,a:„) 

□ 

Teopema 6.6.3. Uycmt) Ai, ..., A - accoyuamueHue D-aAze6pu. J],asi 
aadauHozo ceMCucmea omo6pacnceHuu 

fi (z C{D', Ai At) i = 1 ,..., n 
cymecmeyem AUHeuHoe omo6paatceHue 

h : X ^ /:(£>; X ... xAn^A) 

onpedeACHHoe paeeHcmeoM 

(ao (8>... 0 a„, cr) o (/i,..., /„) = (ao,..., a„, cr) o (/i,..., /„) 

(o.o.z) 

= aocr(/i)ai...a„_icr(/„)a„ 

^OKASATEJlbCTBO. yTBepxpeHHe TeopeMbi HBjiaeTCH cjiepcTBHeM TCopeM 4.5.4, 
6.6.2. □ 

Teopema 6.6.4. Uycmti Ai, An, A - accoyuamueHue D-aAze6pu. /1 ,aa 
aadauHozo meHsopa a G u sadauHou nepecmanoeKU a G Sn omobpaotceHue 

n 

h : Y[ Ai ^ A) ^ C{D] Ai x ... x An ^ A) 

i^l 

onpedeACHHoe paeeHcmeoM 

(ao 0 ... 0a„,cr) o (/i,...,/„) = aocr(/i)ai...a„_iCT(/„)a„ 

A6AMemcA n-AUHeuHUM omoOpaoKtHueM e D-ModyAt> C{D; Ai x ... x An —^ A). 


6.6. IlojiHJiHHeHHoe OTo6pa>KeHne b accoi];naTHBHyio ajire6py 
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^OKASATEJlbCTBO. yTBep>KfleHHe TeopeMbi cjie^yeT h 3 penoneK paBencTB 
((ao ( 8 )... ® an, a) o (/i, ...,fi+g,, ...,/„)) o {xi, ...,x„) 
={aoa{fi)ai...a{f^ + gi)...a„_icr(/„)a„) o {xi,...,Xn) 

=aocr(/i o xi)ai...a{{fi + gi) o Xi)...an-i(j{fn oa;„)a„ 

=aocr(/i o xi)ai...a{fi o x^ + g^ o Xi)...an-i<j{fn o Xn)an 
—aoCT^fi O Xi)ai...(j{fi O Xi^j-.-an—ia^fn O ^n'jan 
+aocr(/i o Xi)ai...a{g, o Xi)...an-i(7{fn O Xn)an 
=(aocr(/i)ai...(7(/j)...a„_icr(/„)a„) o {xi, ...,a;„) 
+{aoa{fi)ai...a{gi)...an-ia{fn)an) o {xi, ...,x„) 

=((ao <8)... ® a„,cr) o (/i, ...,/„)) o (a;i, ...,x„) 

+((ao ® ... ® an, a) o (/i, ..., 5 ^, ...,fn)) o (xi, ...,x„) 

=((ao ® ... ® an, cr) o (/i, fi ,/„) 

+(ao 0 ... 0 On, a) o (/i, ...,/„)) o (n, ...,a:„) 

((ao 0 ... 0 a„,cr) o (/i, ...,p/i, ...,/„)) o {xi, ...,Xn) 

=(aoa(/i)ai, ...cr(p/i)...a„_ifT(/„)a„) o (a;i, ...,x„) 

=aoa{fi oxi)ai,...a{(j)fi) o Xi)...a„_i(T(/„ oa;„)a„ 

=aocr(/i oxi)ai,...(7{p{f^ o Xi))...a„_i(T(/„ oa;„)a„ 

=p(aocr(/i o a;i)ai, o Xi)...an-i(j{fn oa;„)a„) 

=p{{{ao 0 ... 0 a„,cr) o (/i, ...,/„)) o (xi, ...,!„)) 

=(p((ao 0 ... 0 a„,cr) o (/i, ...,/„))) o (xi, 

□ 

Teopema 6.6.5. Uycmt) Ai, An, A - accoyuamueHue D-aAze6pu. J],asi 
aadauHozo menaopa a S m aadauHou nepecmanoeKU a G Sn cym,ecmeyem 

AUHeuHoe omo6paDKeHue 

h : C{D; Ai ^ A) ® ... 0 £(£>; A) -s- £(£>; x ... x An ^ A) 
onpedeACHHoe paaencmeoM 

(6.6.3) (ao 0 ... 0 an, a) o (fi 0 ... 0 fn) = (ao 0 ... 0 an, a) o (fi,fn) 

^OKASATEJlbCTBO. yTBepxpeHHe TeopeMbi HBjiaeTCH cjiepcTBneM TeopeM 4.5.4, 
6.6.4. □ 

Teopema 6 . 6 . 6 . Uycmti A - accayuamuenaA D-aAze6pa. IIoAUAUHeuHoe omo6- 
paoKCHue 

(6.6.4) f : A^ ^ A,a = f o (ai,...,an) 
nopoofcdeHHoe omo6pacnceHUAMu Ig-i, ■■■, Is n € C(D\A —>■ A) , uMeem eud 

(6.6.5) a = /”o (Js(Is-l O Oi) /”.! ... (Js(Is-n O an) fin 
zde as - nepecmaHOBKa MHoatcecmea nepeMennux {ai,...,a„} 

... Gn \ 

as(ai) ... as(an)j 
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^OKASATEJlbCTBO. Mbi ;i,OKa>KeM yTBepjK^eHHe HH/i,yKn,HeH no n. 

Ilpn n = 1 flOKasMBaeMoe yiBep^K^enne HBjineTca cjie;i,CTBHeM yTEepHCflenna 
6.4.8.1. Xlpn 3TOM MbI MOJKOM OTO}K.II,eCTBHTb 


fip = fs-p P = 0,1 

^onycTHM, nTO yTBep}K/;eHHe TeopeMbi cnpaBe^jinBO npn n = k — 1. Tor^a 
OTo6pa>KeHHe (6.6.4) mojkho npe^CTasHTb b bh^b 



a = / o (oi, ...,ak) = (go Ofc) o (oi,..., ak-i) 

CorjiacHO npeflnojioJKennio HH/i,yKu,HH nojinjinneiiHoe OTo6pajKeHHe h HMeeT bh^ 

^ — ^t-O ° ^l) ^t-l — ° —l) h^.k — l 

CorjiacHO nocTpoennio h = g o ak- CjieflOBaTejibno, Bbipaxenna hf.p HBjiaiOTca 
4)yHKu,HaMH ak- IIocKoabKy g oak - JinHefinaa (JjyHKpna ak-, to tojibko o^ho Bbipa- 
acenne ht-p aBjiaeTca aHHefinofi 4)yHKu,HeH nepeMennon ak, n ocTajibHbie Bbipaace- 
HHa ht-q ne saBHcaT ot ak- 

He napyniaa o6n],HOCTH, nojioacHM p = 0. Corjiacno paBencTBy (6.3.10) fljia 
sa^aHHoro t 

uk—1 T 

^t-0 ~ ^k-r ^ Q-fc 9'tT-l 

Hojiojkhm s = tr n onpe^ejiHM nepecxanoEKy CTs corjiacno npaanjiy 


Hojiojkhm 


(J g — Ctf — 


Qk ai 
Ofc crt(ai) 


flfc-i 

<Tt(afc-i) 


fk _ uk-i 

J tr-q+l — 'H-q 


q = l, - 1 


ftr q ~ gtr-q 9 — 0 , 1 

MbI flOKaaajiH mar HH/i,yKu,HH. 


□ 


OnPEflEJiEHHE 6.6.7. Bupaafcenue fs-p"' e paeeHcmee {6.6.5) nasueaemcsi 

KOMnoHeHTOH nojiHJiHHeiiHoro OTo6paaceHHH /. □ 


npejiCTaBjieHHH (6.6.5) mbi 6yjieM nojiBSOBaTbCn cjiejiyioniHMH npaBHjiaMH. 

• Ecjih o6jiacTb SHaHCHHii KaKoro-jiH6o HH;],eKca - 3 to MHo:acecTBO, cocToamee h 3 o;],Horo 
3JieMeHTa, mbi 6y;i;eM onycKaTb cooTBeTCTByiOLLi,HH HH^eKC. 

• Ecjih n = 1, to cts - TOHc^ecTBCHHoe npeoSpasoBaHHe. 3 to npeo6pa30BaHHe mo}«ho ne 
yKasbiBaTb b Bbipa:>KeHHH. 





6.6. IlojiHJiHHeftHoe OTo6pa>KeHne b accoi];naTHBHyio ajire6py 
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Teopema 6.6.8. PaccMompuM D-ajize6py A. JIuHeunoe omoGpaotceHue 
h : xSn^ *C{D- A” ^ A) 

onpedeACHHoe paeeHcmeoM 


( 6 . 6 . 6 ) 


(ao 0 ... 0 a„, cr) o (/i 0 ... 0 /„) = aocr(/i)ai...a„_icr(/„)a„ 
(20; ^ A (T G Sn flj ■•■j fn ^ -^n ^ A^ 


ABAMemcM npedcmaeACHueM^'^ uAzeOpu x S'" e D-ModyAe C{D; A" —>■ A). 


^OKASATEJibCTBO. CorjiacHO TeopeMaM 6.4.8, 6.6.6, n-jiHHefiHoe OTo6pa>Ke- 
HHe MOJKHO npe^CTaBHTb b BH^e cyMMBi cjiaracMBix (6.6.1), r^e fi, z = 1, ..., n, 
renepaTopBi npe^CTaBjienHH (6.3.3). SannineM cjiaraeMoe s BbipajKenHH (6.6.5) b 

BHfle 

(6.6.7) bia{Ii.s O Xi)cib2...Cn-lbn(j{In.s O Xn)Cn 

r^e 

bl = flo b2 = ... = bn = e Cl = fli ... Cn = fin 

IIojioJKHM B paBencTBe (6.6.7) 


A = cr ^{bi)Ii.s(J ^(Ci) z = l,...,n 

Cjie.HOBaTejibHO, corjiacno TeopeMe 6.6.3, OTo6pa}KeHHe (6.6.6) aBjiHCTca npeo6pa- 
soBaHHCM MO^yJia C{D;A^ —>■ A). ,n(jia flanHoro Tenaopa c G ^4®"+^ h saflaHHOft 
nepecTanoBKH a G Sn, npeo6pa30BaHHe h(c, a) aBjiaeica aHHeiiHBiM npeoGpaso- 
BanneM MO.iiyjia £(D; A" —>■ A) corjiacno xeopeMe 6.6.5. Coraacno xeopeMe 6.6.3, 
oxoGpajKCHiie (6.6.6) aajiaexca ahhchhijIm oxo6paiKeHHeM. Corjiacno onpeflcjiennio 
[4]-2.1.2, oxoGpaacenne (6.6.6) anjiaexca npeflCxaBjienneM ajire6pi>i x S" b 

MOflyae C{D] A" -g A). □ 

Teopema 6.6.9. PaccMompuM D-aAze6py A. UpedcmaeACHue 
h : A®"+i X S„ ^ *£(£>; A" ^ A) 

aAzeOpu ^®"+i g ModyAe C{D\A'^ -G A), onpedeAennoe paecucmeoM (6.6.6) no3- 
eoAAem omootcdecmeurm) mensop d G ^®"+i ^ nepecmaHOOKy a G c omo6pa- 
QfceHueM 

(6.6.8) (d,cT)o (/!,...,/„) f^ = 5GC{D-A^A) 

zde S G C{D; A —^ A) - mocucdecmeeHHoe omodpaotceHue. 

,r(OKA3ATEJlbCTBO. EcjiH B paBencxBe (6.6.2) mbi noaoacHM fi = S, d = 
ao 0 ... 0 a„, xo paBcncxBO (6.6.2) npHo6pexaex bh^ 


(6.6.9) 


((ao 0 ... 0 an, a) o (S,..., 6 )) o (xi, ...,x„) = ao {So xi) ... {S o x„) an 

— dQ X\ ... Xfi Qjji 


6.9 


'Onpe,zi;ejieHHe npe,zi;cTaBjieHHH Q-ajire 6 pbi ;i;aHO b onpe;i;ejieHHH [ 4 ]- 2 . 1 . 2 . 
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EcJIH Mbl nOJIOJKHM 

((ao ® ... ® an, <j) o {S, ..., (5)) o (xi,..., x„) 

(6.6.10) =(ao®...®a„ , ct) o O Xi, ..., S o Xn) 

= (ao 0 ... 0 an, cr) O (xi, ..., Xn) 

TO cpaBHeHHe paBencTB (6.6.9) h (6.6.10) ^aex ocHosaHHe OTOJK^ecTBHTb fleficxBHe 
Tensopa c? = oq 0 ... 0 a„ h nepecxanoBKH cr G S'” c oxo6pa>KeHHeM (6.6.8). □ 

Bmocxo sanHCH (ap 0 ...a„,cr) mbi xaKJKe Oy^eM nojibsOBaxbCH sanncBio 

ao 0cr(l) 0CT(n) 

ecjiH MBI xoxHM HBHO yKasaxB KaKoii apryMenx cxanoBHxcH na cooxBexcxByiomee 
Mecxo. HanpHMep, cjicflyroipHe BBipajKenHH SKBHBajienxHBi 

(ao 0 ai 0 02 0 03, (2,1, 3)) o (xi,X 2 ,X 3 ) = 00 X 201 X 102 X 303 
(ao 02 Oi 01 02 03 03 ) o (xi,X 2 ,X 3 ) = 00 X 203 X 102 X 303 


6.7. IIojiHJiHHeHHoe OTo6pa»ceHHe b CBoGo^nyio KOHenno MepHyio 

accopHaTHBHyio ajireGpy 


Teopema 6.7.1. Uycmb A - ceo6odHasi KOHeuno Mepnasi accoyuamueHafi aji- 
ze6pa Had KOJitiyoM D. Ilycmb I - dasuc aAzedpu C(D] A —>■ A). Uycm'b e - daauc 
aAzeOpu A Had KOAhu^oM D. CTaH,ri,apTHoe npe^cxaBJieHHe nojiHJiHHeiiHoro 
OTo6pa»ceHHH e accoyuamueHym aAzedpy uMeem eud 

(6.7.1) / o (oi,..., an) = Cio o-t(Iki o ai) ... crt(Ikn ° ^n) ei„ 

HndeKc t nyMepyem eceeosMooHZHue nepecmanoeKu at MHODtcecmea nepeMennux 
{ai,...,a„}. BupaoiceHue e paeencmee (6.7.1) Hoaweaemcjj CTaH/i,apTHOH 

KOMnoHeHTOH nojiHJiHHeiiHoro OTo6pa»ceHHH /. 


,HOKA3ATEJlbCTBO. Mbi HSMeHHM HH;i,eKC s B paBOHCTBe (6.6.5) xaKHM o6pa- 
30M, hxoObi crpynnnpoBaxB cjiaraeMBie c oflHHaKOBBiM naGopoM renepaxopoB Ik. 
BbipajKOKHe (6.6.5) npHMex bh,ii, 

( 6 . 7 . 2 ) a = fl^,„k„.s.o o oi) fk,...k„-s-i - o a„) fl^,„k„.s.n 

Mbi npe,zi,nojiaraeM, hxo HH/i,eKC s npHHHMaex anaHenHa, saBHcaipHe ox ki, ..., kn. 
KoMnoHeHXBi nojiHjiHHeliHoro OToOpaacenna / hmoiox pasjioaceHHe 

( 6 . 7 . 3 ) fkt...k„.s-p = eifZ..k„-s-p 

oxHOCHxeaBHO Gasaca e. Ecjih mbi noflCxaBHM ( 6 . 7 . 3 ) b ( 6 . 6 . 5 ), mbi nojiyaaM 

( 6 . 7 . 4 ) a = a,(Ik,oai) ... a«( 4 „ oa„) fk^::,k„-s-n 

PaccMOxpHM BBipajKeHHe 

(a 7 c'l fjo—jn _ fnji rnjn 

Jtki...k„ ~ J ki...kn-sO ■■■J ki...krfsn 

B npaBoli aacxa no/i,pa3yMeBaexca cyMMa xex caaraeMBix c HH,zi,eKCOM s, ^aa koxo- 
pBix nepecxanoBKa as coBna^aex. Kaac^aa xaxaa cyMMa Gy^ex hmcxb yHHKaaBHBifi 
HH^CKC t. IIoflCxaBHB B paBCHCXBO ( 6 . 7 . 4 ) BBipajKeHHe ( 6 . 7 . 5 ) mbi noayaaM pascH- 
cxBO ( 6 . 7 . 1 ). □ 


6.7. IIojiHJiHHeHHoe OTo 6 pa>KeHiie b CBo 6 o/i;Hyio KoneMHO MepHyio accoi^HaTHBHyio ajire 6 py 87 


Teopema 6.7.2. nycmt) A - ceo6odHaJi kohchho Mepnasi accoyuamueHafi aji- 
ze6pa Had KOJinyoM D. Uycmh e - 6a3uc ajizedpu A Had KOJityoM D. IIojiuJiuHeuHoe 
omodpacHceHue (6.6.4) mochcho npedcmaeumb e eude D-anauHou (popMU cmencHU 
n Had KOAtyoM 

/(ttl, ..., = 0.-| 

Qj = CiOj 

~ ° (Cii) ) 

^OKASATEJlbCTBO. CorjiacHO onpeflejieHHK) 6.1.2 paBencTBO (6.7.6) cjie;i,yeT 

H3 penOHKH paBCHCTB 

/o (ai,...,a„) = f o {ci^aY , f o 

IlycTb e' - flpyroH 6a3HC. IlycTb 
(6.7.8) e'i = ejhl 

npeo6pa30BaHHe, OTo6pa>Kaioin,ee 6a3HC e b 6a3HC e!. Ha paBencTB (6.7.8) h (6.7.7) 


cjie^ex 



(6.7.9) 

H 

o . 

II 


= Kl-KZf ° 

= K-^fA...3r. 

->ej„) 



□ 


(6.7.6) 
zde 

(6.7.7) 


nojiHjiHHefiHoe OToGpaxeHHe (6.6.4) CHMMeTpHHHO, ecjin 
fo (ai,...,an) = fo {a{ai),...,a{an)) 
fljiH J11060H nepecTanoBKH a MHOJKecTBa {ai,..., On}. 

Teopema 6.7.3. Ecau noAUAUHeunoe omodpaatceHue / cuMMempunno, mo 

(6.7.10) h, . 

^OKASATEJlbCTBO. PaseHCTBO (6.7.10) cjie;i,yeT h 3 paBencTBa 

®1 ® (®l5 ®ra) 

=/o(cr(ai),...,cr(a„)) 

_ r 

/cr(ii)...cr(i„) 

□ 


HojiHjiHHefiHoe OToOpajKenHe (6.6.4) koco CHMMeTpHHHO, ecjin 
/ o (oi, ...,a„) = \a\f o {(7{ai), ...,a(a„)) 


e.lOj'gopeMa ;i;oKa 3 aHa no anajicrnn c TeopeMoii b [ 2 ], c. 107 , 108 
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fljiH J11060H nepecTanoBKH a MHOJKecTBa {ai,a„}- S^ecb 

{ 1 nepecTanoBKa a neTHaa 
— 1 nepecTanoBKa a HeneTHaH 

Teopema 6.7.4. Ecjiu nojiuAUHeunoe omo6pajtceHue f koco cuMMempunno, 
mo 

(6-7.11) fi^ . = |CT|/^(i,),...,^(i„) 

^OKASATEJlbCTBO. PaBeHCTBO (6.7.11) cjie^yeT h 3 paaencTBa 

/il-.-in ~f ° (®l5 ■•■1 ®") 

= |cr|/o (cr(ai),...,CT(a„)) 

□ 


Teopema 6.7.5. Ilycmb A - ceo6odHasi kohchho Mepnasi acco’nuamuenaji aji- 
ze6pa Had KOAbyoM D. Uycmb I - dasuc aAzedpu C{D\A —>■ A). Uycmb e - 6a3uc 
aAzeGpu A nad KOAbyoM D. Uycmb noAUAUHeuHoe Had KOAbyoM D omodpaatceHue 
f nopocucdeHO nadopoM omodpacHceHuu KoopduHamu omodpamcenuA 

f u ezo KOMnoHenmu omnocumeAbHO daauca e ydoeAemeopAtom paeCHcmey 


(6.7.12) 

(6-7.13) =ft 


r r Ji r 






Cb 




*0...*71 T 31 T 






^OKASATEJibCTBO. B paBeHCTBe (6.7.1) hojiojkhm 

Tor^a paseHCTBO (6.7.1) npHMeT bh^ 

(6.7.14) 

/o (ai,...,a„) = /tX'.'X eioO-t(aXfci.f^"ej-Jei,...CTt(a(r7fc„.f”ej„)ei„ 

— 0*1 „i„ fio-.-in r Ji r jnfikx pili 








Ha paBCHCTBa (6.7.6) cjie;i,yeT 

(6.7.15) /o (ai,...,a„) = Bp/? ___ .^aiT..a^" 

PaseHCTBO (6.7.12) cjie^eT h 3 cpaBHenna paBencTB (6.7.14) h (6.7.6). PaBencTBO 
(6.7.13) cjie^yeT h 3 cpaBHenna paBencTB (6.7.14) h (6.7.15). □ 
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